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common external tariff. In this paper, we compare CU formation with and without

this Article XXIV constraint. We show, in a multi-country oligopoly model, that for a

given CU structure, Article XXIV improves world welfare by lowering trade barriers.

However, we also show that Article XXIV has a composition effect on CU formation:
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may be ‘bad’ for world welfare.

Keywords: Coalition formation game, customs union, protection, trade block, trade

liberalization.

JEL Classification Numbers: F02, F13, F15.

∗We are very grateful to Rick Bond, Peter Neary and Emanuel Ornelas for extensive conversations
about this paper. We would also like to thank Régis Cottereau, Antoine Thibault, Nick Trefethen, and
participants at Michigan State University, the University of Oxford, Vanderbilt University, and the 50th
Midwest International Trade Meeting at Purdue University for helpful comments. We are particularly
indebted to the editor, Robert W. Staiger, and two anonymous referees for extremely helpful suggestions.
†Corresponding author: School of Economics, University of Surrey, Guildford, Surrey, GU2 7XH, United

Kingdom; e-mail: m.mrazova@surrey.ac.uk; URL: http://www.monikamrazova.com
‡This work has been supported by the Economic and Social Research Council [grant numbers PTA-026-

27-2479, PTA-030-2005-00825]. Financial support for travel from the George Webb Medley Fund, Balliol
College and Oriel College, Oxford, is also gratefully acknowledged.
§E-mail: david.vines@economics.ox.ac.uk
¶E-mail: b.zissimos@exeter.ac.uk

1



1 Introduction

Article XXIV of the General Agreement on Tariffs and Trade (GATT), as incorporated into

the World Trade Organization (WTO), allows WTO-member governments to form customs

unions (CUs) or free trade agreements (FTAs) under two conditions: First, members should

eliminate (substantially) all internal barriers to trade inside the union; second, external trade

barriers should not be increased on average.1,2,3 Intuition might suggest that, compared to a

world where bloc formation is allowed without any constraints, Article XXIV must increase

world welfare, since it precludes (average) tariff increases on non-members by countries that

form preferential trade agreements while requiring tariff removal between members. Yet,

there has been considerable debate in policy circles as to whether Article XXIV is in fact

so benign. In our paper, which is among a small but growing number of papers to analyze

the implications of Article XXIV formally, we show that the simple intuition outlined above

ignores the effect that Article XXIV has on the manner in which countries endogenously

organize themselves into trade blocs. We will refer to this as the ‘composition effect’ of

Article XXIV. By taking account of this composition effect of bloc formation we are able to

show that Article XXIV may actually be bad for world welfare.

To analyze Article XXIV, we focus on CU formation and adopt as a benchmark the model

of Yi (1996).4 This model is the simplest framework where we can identify the composition

effect of Article XXIV. It has two key features. First, there can be any number (greater

than or equal to three) of countries in the model. And second, the number of CUs and

the country membership of each are determined endogenously through a coalition formation

game: governments decide on CU membership to maximize their country’s welfare.

In this paper, we formally introduce into the benchmark model an ‘Article XXIV con-

straint,’ that trade barriers cannot be raised on average when a CU forms or expands. This

is a formalization of the second condition of Article XXIV introduced above. (The first con-

dition that all internal barriers be removed is already a feature of our benchmark model.)

This constraint has been considered in previous literature, but not, to our knowledge, in

a many-country model with endogenous CU formation. Indeed, most previous research on

1Article XXIV was originally formulated as part of the General Agreement on Tariffs and Trade (GATT),
and has now been formally adopted into the Charter of the WTO (GATT 1994). The historical events
through which Article XXIV came into being are discussed by Snape (1993) and Irwin et al. (2008). Its
implementation in practice is documented by McMillan (1993).

2A third condition of Article XXIV, which will not have a bearing on our analysis, is that all agreements
must be notified to the WTO.

3The common feature of CUs and FTAs is that both types of agreement coordinate on the removal of
internal tariffs; the difference is that CUs coordinate on the setting of a common external tariff whereas
each member of an FTA undertakes external tariff setting independently.

4In studying Article XXIV, our focus on CUs seems legitimate since CU members internalize any terms-
of-trade externality between themselves through coordination and thus tend to set higher tariffs than FTAs.
Indeed, Bond et al. (2004) and Ornelas (2005a) have shown, in different settings, that FTAs tend to compete
external tariffs down through their bids for third markets, in which case the Article XXIV constraint would
not bind.
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CU formation is carried out on a ‘standard model’ in which there are just three countries

and CU formation is imposed exogenously on two of the countries with the third remaining

outside to capture the effects of CU formation on a non-member. Therefore, the composition

effect of Article XXIV that we identify has not been observed.

To reveal the importance of the composition effect of Article XXIV, we first study the

effects of Article XXIV ignoring the composition effect. That is, we treat CU membership

as exogenously given and we show that Article XXIV increases world welfare. Thus, if we

ignore the composition effect, the simple intuition outlined above does hold. Then, we allow

countries to endogenously form CUs both with and without the Article XXIV constraint.

We show that Article XXIV affects the incentives of countries to form CUs and changes the

equilibrium CU structure such that world welfare may be lower with Article XXIV than

without Article XXIV.

In our benchmark model, each country has a single firm that produces a (single) different

variety of a (horizontally differentiated) product, and firms compete internationally for a

segment of each other’s market. The substitutability between varieties varies from one

end of the spectrum where each variety enters preferences ‘independently’ to the other end

where varieties are perfect substitutes for another. Governments set a tariff on imports to

maximize welfare of their country. When allowed to form CUs, governments choose the size

of the CU and set a common external tariff (CET) to maximize joint welfare of all members.

The CET varies with the size of the CU and with the substitutability between goods. As

a CU becomes larger, it wants to exploit its bigger market power by raising its CET. On

the other hand, the removal of internal barriers in the CU diverts trade away from the rest

of the world towards CU members. As consumers prefer more variety, this trade-diversion

effect tends to decrease the CET. When goods are independent, CU expansion does not

divert trade much, the market-power effect dominates and the CET increases with the size

of the union. The Article XXIV constraint is thus more binding on large CUs. When goods

are more substitutable, the trade-diversion effect starts to dominate when the CU reaches

a certain critical size and a sufficiently large CU imposes a lower CET than a smaller CU.

And so the Article XXIV constraint is more binding on small CUs.

Considering exogenous CU formation, we show that Article XXIV positively affects some

of the welfare effects of CU formation. Non-members are made less worse off by CU formation

under Article XXIV than without it, consumer surplus of members unambiguously increases,

and for a given CU structure, the Article XXIV constraint increases world welfare. We

also show that, under Article XXIV, an (exogenous) increase in the asymmetry of the

CU structure increases world welfare. More asymmetry between the blocs implies a larger

number of goods are traded within the larger bloc and so a smaller number of goods are

subject to welfare-reducing tariff distortions (the most extreme possible asymmetry is world

welfare maximizing free trade).

Then we analyze the effects of Article XXIV on the (endogenously-formed) CU equi-
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librium. For a given number of countries in the world, equilibrium CU structure depends

on the substitutability between varieties. When goods are independent, the gains from free

trade outweigh the gains from market-power exploitation through tariffs and so the equi-

librium CU structure is one single bloc, which is of course equivalent to world free trade.

Put differently, when goods are independent, outsiders can inflict a large welfare loss on any

CU and so all countries agree to form one single bloc. When goods are more substitutable,

countries that start the CU formation process are better off if they leave some other coun-

tries outside their bloc and are thereby able to exploit their market power over them. We

show that there will typically be two asymmetric CUs in equilibrium. The size of these CUs

decreases with the order of formation: the first bloc to form is larger as members of larger

blocs have larger welfare.

Article XXIV affects the size of these equilibrium CUs. It has two effects working in

opposite directions depending on whether it binds on the larger first-formed bloc or the

smaller second-formed bloc. When the first bloc is constrained by Article XXIV, it would

want to accept more members, because Article XXIV sets a bound on foreign rent extraction

and thus makes the benefits from freer trade relatively larger. On the other hand, when

the second bloc is constrained by Article XXIV, the first bloc would want to accept fewer

members because the welfare loss that the second bloc can inflict on the first bloc is smaller.

Which of these two effects dominates depends on which bloc is more constrained by Article

XXIV, which in turn depends on the substitutability between goods. For independent goods,

the larger first bloc is more constrained and so the composition effect of Article XXIV tends

to make the equilibrium CU structure more asymmetric. A corollary of this is that free trade

arises for a larger range of substitution elasticities. By increasing the asymmetry between the

blocs, Article XXIV is good for world welfare. When goods are relatively substitutable, the

smaller second bloc is more constrained and so the composition effect of Article XXIV tends

to make the equilibrium CU structure less asymmetric. By reducing the asymmetry between

the blocs through its composition effect, Article XXIV may be bad for world welfare, because

more goods are traded between the blocs and subject to welfare-reducing tariff distortions.5

The most comprehensive previous analysis of Article XXIV is by Syropoulos (1999), using

the standard model of CU formation. He shows that CU formation can damage the rest of

the world even under Article XXIV. But he does not compute the effects of CU formation

on world welfare - either with or without Article XXIV.6 Furthermore, since Syropoulos’

analysis is carried out in a three-country model, the composition effect of Article XXIV,

which is crucial to our claim that world welfare may be lower under Article XXIV, cannot

5Another interpretation of the composition effect is that, when blocs are less asymmetric, there are fewer
‘rich countries’ and more ‘poor countries’ in the world since members of the larger bloc have higher welfare
than members of the smaller bloc.

6Indeed, the standard basis for criticism of Article XXIV is that it is not sufficient to prevent third
countries being harmed when two countries form a trade agreement. As far as we are aware, ours is the first
paper to evaluate Article XXIV from the perspective of its implications for world welfare.
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be discussed in his framework. On the other hand, Goto and Hamada (1999) study Article

XXIV in a many-country model, but because they consider exogenous CU formation only,

the composition effect, that we identify, cannot be observed in their framework either.7

Overall, the literature on preferential trade agreements has addressed two issues. The

first of these issues, which was the focus of Viner (1950), Krugman (1991), Syropoulos

(1999) etc., concerns the welfare implications of trade agreements in which the structure of

the agreement is taken to be exogenous. The second issue is the stability of trade-agreement

structures. Given endogenous trade-agreement formation, what structures are stable? Is the

process of trade-agreement formation one which will, or will not, lead to free trade? (See

Bhagwati (1993), although the roots of this question are found in Viner (1950).) Recent

literature has focused on the interaction between these issues: on the welfare implications of

stable structures. The present paper is a contribution to this work. It examines the impact

of Article XXIV on the stable structures and on the resulting welfare outcomes.8

The paper proceeds as follows. In Section 2 we formally introduce the Article XXIV

constraint into the benchmark model. We then turn to analyzing the effects of Article

XXIV on CU formation and on welfare of CU members , non-members and the entire world.

Our analysis proceeds in three steps. Sections 3 and 4 both analyze exogenous CU formation.

In Section 3 we look at the effects of a formation or expansion of a particular CU without

any information on the CU structure of the rest of the world. In Section 4 we establish the

link between welfare and CU structures and study how exogenous changes in CU structures

and the imposition of Article XXIV affect welfare. Finally, Section 5 analyses endogenous

CU formation. In this section, we determine stable CU structures and characterize the

impact of Article XXIV on the equilibrium structures and welfare. Conclusions are drawn

in Section 6.

7Article XXIV has also been studied in relation to the Most Favored Nation (MFN) principle by Bagwell
and Staiger (1998, 1999, 2002). They identify the MFN principle as one of the two ‘pillars of the GATT,’
showing that (in the absence of other distortions) it guides countries to an efficient trade agreement. Since
the MFN principle stipulates that any trade concession granted to one country is automatically granted to
all, Article XXIV allows an exception to MFN and hence may preclude an efficient trade agreement. Note
that Article XXIV is not the main focus of Bagwell and Staiger’s analysis and they do not actually study
equilibrium under its conditions.

8The literature on the dynamics of trade liberalization examines the possibility that trade agreements
give way to world free trade at a later stage; see Riezman (1999), Aghion et al. (2007), Seidmann (2009) and
Saggi et al. (2010) for recent contributions. Building on Baldwin (1996), Krishna (1998) shows how political
interests can undermine the progression from regionalism. Ornelas (2005b) shows that trade agreements may
create problems for multilateral trade liberalization ‘through their own success’; if governments can adjust
tariffs then they only support trade-creating TAs, but then non-member countries may prefer to free-ride
on such agreements, blocking a subsequent move to free trade. Ethier (1998) considers how multilateral
liberalization may give way to regionalism. See Bhagwati et al. (1998) and Freund and Ornelas (2010) for
a literature review on the dynamics of regionalism.
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2 The model and the Article XXIV constraint

2.1 Benchmark model of unconstrained CU formation

In this subsection, we summarize the key characteristics and results of Yi’s (1996) model,

which we adopt as our benchmark. In the following subsection, we introduce the Article

XXIV constraint into the model.

2.1.1 Preferences and technology

There are N countries in the model. Each country i has a representative consumer, firm, and

government. There are two goods in the model, denoted M and Q. Good M is chosen as the

numéraire. It is transferred internationally to settle the balance of trade. By assumption,

each country is endowed with a sufficient quantity of M to ensure that it consumes a positive

quantity in equilibrium. The term Mi measures consumption of M in country i.

Each firm, one in every country, produces a different variety of the horizontally differen-

tiated product Q, at a constant marginal cost c in terms of the numéraire good. Consumers

have quasilinear-quadratic preferences of the form

u(qi,Mi) = v(qi) +Mi = aQi −
γ

2
Q2
i −

1− γ
2

N∑
j=1

q2
ij +Mi (1)

where qij is country i’s consumption of country j’s variety of Q, qi = (qi1, qi2, ..., qiN) is

country i’s consumption profile, and Qi ≡
∑N

j=1 qij. The parameter γ is a substitution

index between varieties which ranges from 0 (varieties are independent) to 1 (the good is

homogeneous); as γ increases, the varieties become closer substitutes. The parameter γ

determines consumers’ love for variety: for low values of γ, variety is highly valued; for

higher values of γ, variety does not matter so much; and when γ = 1, variety is completely

unimportant.

There are no transportation costs in this model. Countries impose specific tariffs on

imports from other countries. τij denotes country i’s tariff on imports from country j.

Firms perceive markets as being segmented, and so they compete by choosing quantities in

each country. In equilibrium,

Qi =
N − Ti
Γ(N)

and qij =
Γ(0) + γTi − Γ(N)τij

Γ(0)Γ(N)
(2)

where Ti ≡
N∑
j=1

τij is the sum of tariffs imposed by country i; Γ(k) ≡ 2−γ+kγ, k = 0, ..., N ;

and where we have normalized a− c = 1. Notice that the parameter γ also determines the

degree of competition between firms: when γ = 0, firms do not compete with each other,
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but as γ increases so does the strategic interaction between firms.

There are two sources of gains from trade: access to a wider variety of goods and increased

competition in the domestic market. The importance of each of these gains depends on the

substitution index γ.

2.1.2 CUs and optimal tariffs

Country i’s welfare is the sum of four components: domestic consumer surplus CSi; domestic

firm’s profit in the home market πii; tariff revenue TRi; and domestic firm’s export profits

πji, j 6= i. When forming a CU, countries are assumed to abolish tariffs among union

members and jointly set a common external tariff (CET) to maximize the aggregate welfare

of members. Thus, if countries 1, ..., k belong to a CU of size k, to set their CET, they solve

max
{τij}

i=1,k;j=k+1,N

k∑
i=1

W i =
k∑
i=1

CSi + πii + TRi +
N∑
j=1
j 6=i

πji


where τij = 0, for i = 1, ..., k and j = 1, ..., k. As Yi (1996) shows, the unique optimal CET

of a CU of size k is

τ(k) =
Γ(0)Γ(2k)

D(k)
(3)

with D(k) ≡ Ψ(k)Γ(N)+Γ(k)Γ(2k) and Ψ(k) ≡ [Γ(0) + 1] Γ(k)−Γ(2k) = Γ(0)+(1−γ)Γ(k).

Note that in this model, the CET of a CU of size k depends only on the size of the CU and

the parameters of the model N and γ. It does not depend on the tariffs set by the rest of the

world. This property is driven by the assumptions of segmented markets, quasilinear utility

function and constant marginal cost, and will play an important role in the subsequent

analysis of the welfare effects of CU formation.

2.2 The Article XXIV constraint

As a CU expands, its CET varies with size of the union k in a non-monotonic way depending

on the parameters γ and N . The numerator of τ(k) is linear in k while the denominator is

a quadratic in k and τ(k) has only one positive turning point: τ(k) increases with k if and

only if

k < k∗(N, γ) =

√
Γ(0)[Γ(0) + 1]Γ(N)− Γ(0)

2γ
(4)

So an expanding CU will raise its CET until it reaches the critical size of k∗ members. If

it expands beyond this size, its CET will decrease. This non-monotonicity of τ(k) is the

result of two opposing effects of CU formation on the CET: a market-power effect and a

trade-diversion effect. When members of a CU coordinate over tariff setting, each member

internalizes the external benefit to the profits of firms in other member countries of an
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increase in its own tariff, which tends to put upward pressure on the CET. On the other

hand, when members of a CU remove internal tariffs there is trade diversion towards goods

produced by members and away from the rest of the world.9 Since, all else equal, consumers

prefer a more balanced consumption bundle, there is an incentive to lower the CET in order

to offset this trade diversion. Which of these effects dominates depends on the parameters

γ and N . For low values of γ, when goods are not substitutable, CU expansion does not

divert trade much. The market-power effect dominates and τ(k) is an increasing function

in the relevant range k ∈ [1, N ]. (k∗ is large and outside the relevant range: k∗ ≥ N .) For

high values of γ, CU expansion diverts trade in a significant way and when the expanding

CU reaches the critical size k∗ (within the relevant range for high values of γ: k∗ < N),

the trade-diversion effect starts to dominate and τ(k) is a decreasing function beyond k∗.

These variations are illustrated in Figure 1. Panel 1(a) shows the case of small N . Note

that for γ = 1, k∗(N, 1) =

√
2(N+1)−1

2
. So for small N and γ = 1, k∗(N, 1) ≤ 1 and τ(k)

is a monotonically decreasing function in the relevant range k ∈ [1, N ]. This case occurs

only for a very limited range of parameters, when N is very small and γ close to 1, when

the trade diversion effect is the strongest.10 For larger values of N and high values of γ,

τ(k) initially increases but eventually decreases in k as shown in panel 1(b). For any N and

a sufficiently small γ, k∗ > N and τ(k) is a monotonically increasing function of k in the

relevant range [1, N ] as can be seen in both panels 1(a) and 1(b). Finally, when γ = 0, the

CET is constant and equal to 1/3.
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Figure 1: External tariff τ(k) as a function of the CU size for different values of N and γ.

Given the properties of the CET, the Article XXIV constraint can be formalized in a

simple way. To set the level of the Article XXIV constraint we will assume that initially

there are no CUs. Since all countries are symmetric, they all initially impose the same

Nash tariff τ(1). Then, if a set of countries forms a CU, and is obliged to abide by Article

9Note that by trade diversion we mean simply an increase in the trade with members accompanied by a
decrease in the trade with non-members. Given that all countries have the same technology in our model,
we abstract from any efficiency considerations, contrary to Viner (1950).

10For small N , adding one more country into a CU represents a large proportion of world trade and so
trade diversion dominates from the start.
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XXIV, their external tariff is constrained to be less than or equal to τ(1). The effect of the

Article XXIV constraint depends on the form of the function τ(k). If, for example, τ(k) is

a decreasing function in the relevant range, then the Article XXIV constraint is not binding

and has no effect. On the other hand, if τ(k) is initially an increasing function and becomes

a decreasing function only for higher values of k, then there will be a range of k for which

the Article XXIV constraint will bind. The following proposition identifies when the Article

XXIV constraint binds and when it does not. See the Appendix for the proof.

Proposition 1. For a number of countries in the world N and substitution index γ, the

Article XXIV constraint is binding for any size-k CU, k ≤ k∗∗(N, γ), where k∗∗(N, γ) is the

non-trivial root of τ(k) = τ(1):

k∗∗(N, γ) =
Γ(0) {Γ(N) [Γ(0) + 1]− Γ(2)}

2γΓ(2)
(5)

The Article XIV constraint imposes

τc(k) =


τ(1) for 1 ≤ k ≤ k∗∗(N, γ)

τ(k) for k∗∗(N, γ) < k < N and

0 for k = N

Figure 2 illustrates τc(k) as a function of CU size. Note that τc(k) is a non-increasing

function of k.
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Figure 2: τ(k) and τc(k) for N = 100 and γ = 0.7.

The online appendix analyzes in detail the properties of k∗∗. It is however useful to point out

some of the key characteristics that will be crucial for the derivation of the main results in

later sections: k∗∗(N, γ) is a linear (monotonically increasing) function of N (when γ 6= 0),

and a continuous and monotonically decreasing function of γ for γ ∈ (0, 1] with k∗∗(N, 1) =
2N−1

6
. Hence we know that any CU of size smaller than 2N−1

6
will always (for any N and

γ) be bound by the Article XXIV constraint. Furthermore, when γ → 0+, k∗∗ → +∞, and

when γ = 1, k∗∗ is strictly positive and smaller than N . Thus, by the intermediate value

theorem, there exists a unique value of γ, denoted γN(N), such that k∗∗[N, γN(N)] = N .
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Hence we know that for a given N and for γ ∈ [0, γN(N)], Article XXIV binds for any

possible CU. It can be shown that γN(N) is a monotonically decreasing function of N with

γN(1) = 7−
√

41 ≈ 0.597 and it approaches a horizontal asymptote when N tends to infinity:

lim
N→+∞

γN(N) = γN∞ ≡
1

2
(7−
√

41) ≈ 0.298. And so for any N and γ ∈ [0, 1
2
(7−
√

41)], any

CU is bound by Article XXIV.

Similarly, we can find the unique value of γ, denoted γN
2

, such that k∗∗ = N
2

: γN
2

=

3 −
√

5 ≈ 0.764. Note that γN
2

is a constant, independent of N . We know that for any N

and γ ∈ [3 −
√

5, 1], the Article XXIV constraint does not bind for CUs containing more

than half of the countries in the world. These features are illustrated in Figure 3: CUs of

size smaller than k∗∗ (k below the k∗∗ curve) are constrained by Article XXIV while CUs

of size larger than k∗∗ (k above the k∗∗ curve) are not. For γ ≤ γN , all possible CUs are

constrained. For γ > γN
2

, any CUs containing more than N/2 countries are not constrained.
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Figure 3: k∗∗ as a function of γ.

Having characterized the Article XXIV constraint, we can now study the effects of Article

XXIV on CU formation and on welfare.

3 CU formation and welfare

In this section, we analyze the impact of an (exogenous) formation or expansion of a CU

under the Article XXIV constraint on the welfare of individual countries and on global

welfare. Our analysis proceeds along the same lines as Yi (1996) but with the key difference

that all CUs have to abide by Article XXIV. We show that the Article XXIV constraint

attenuates the negative effects of CU formation, but does not prevent them altogether.

3.1 Preliminaries

The impact of CU formation and expansion on members’ and non-members’ welfare can be

studied through the following quantities which can be derived from (2): sales of a member

nation (Insider) qI(k) and sales of a non-member nation (Outsider) qO(k) in a country
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belonging to a size-k CU

qI(k) =
Γ(0) + [Γ(N)− Γ(k)] τc(k)

Γ(0)Γ(N)
and qO(k) =

Γ(0)− Γ(k)τc(k)

Γ(0)Γ(N)
(6)

and total consumption Q(k) in a country belonging to a size−k CU

Q(k) =
N − (N − k)τc(k)

Γ(N)
(7)

3.2 Non-members’ welfare

We can see by inspection of (6) that qI(k) exceeds qO(k); i.e. a member country always sells

a higher volume of exports in a member country than a non-member country. Since the

expression for export profits is the square of the expression for export volume, a member

country makes higher export profits in any member country than a non-member country.

Furthermore, a non-member country is affected by CU formation or expansion only through

its export profits to the CUs that form. So from (6), we can show that non-member countries

become worse off if a CU expands. Yi (1996) shows this result without the Article XXIV

constraint, reflecting a standard property in the literature that CU formation and expansion

tend to hurt non-members through trade diversion. In the following Lemma, we show that

the Article XXIV constraint is not sufficient to prevent the harmful trade diversion effect,

but attenuates it slightly. See the Appendix for the proof.

Lemma 1. 1. A non-member country’s exports qO(k) are a decreasing function of k and

so a non-member country becomes worse off if a CU expands.

2. When the Article XXIV constraint binds, a non-member country’s exports qO(k) de-

crease less in k compared to the situation without the Article XXIV constraint.

3.3 Members’ welfare

How does an expansion of a CU affect the welfare of member countries? Without Article

XXIV, all the components of welfare (consumer surplus, tariff revenue and producer surplus)

are affected in an ambiguous way. As a CU expands, there are two effects on the consumer

surplus of a member country: consumer surplus tends to increase through the increased

consumption of products from member countries, but it tends to decrease through the di-

minished consumption of non-member countries’ products. Tariff revenue may also increase

or decrease as the CET may increase as a CU expands while the number of taxed importers

decreases. Finally, the home firm’s export profits in new members’ markets increase due

to tariff-free access to these markets, but home firm’s profits in existing members’ markets

may either increase or decrease: each firm faces competition from more other members’

firms, but, at the same time, it may face less competition from outsiders’ firms when the
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CET rises. So the effect on home firm’s total profit is also ambiguous. As shown in the

following lemma, Article XXIV changes somewhat how a CU expansion affects the different

components of members’ welfare.

Lemma 2. As a CU expands, a representative member’s

1. consumer surplus unambiguously increases,

2. tariff revenue unambiguously falls,

3. home firm’s export profits in new members’ markets increase, but domestic profit and

export profits in existing members’ markets decrease and so the total profits are affected

in an ambiguous way.

Thus the effect of a CU expansion on welfare of member countries is ambiguous.

The proof in the Appendix shows analytically that consumer surplus is an increasing func-

tion of the size of the CU when Article XXIV is in place. The intuition for this result is that

consumers will still benefit from the increased consumption of products from member coun-

tries and they will still be harmed by the diminished consumption of non-member countries’

products, but the Article XXIV constraint, by preventing member countries from raising

the external tariff above the initial level, makes the second effect less important (Lemma

1). The tariff revenue necessarily decreases as the CU expands, because countries are not

allowed to raise their external tariffs, and as the CU expands they can thus levy at most

the same level of tariff on fewer countries. Finally, the effect of CU expansion on domes-

tic firm’s total profits is still ambiguous, however, with Article XXIV, the profit made at

home and in existing members’ markets unambiguously decrease as the domestic firm faces

more competition from other members’ firms and is less protected from the competition of

non-members’ firms. On the whole, the effect of CU expansion on the welfare of a member

country is ambiguous.

While we are not able to obtain a general prediction about how CU expansion will affect

the welfare of an individual member, we can show that the joint welfare of the member

countries (existing members plus any new members) improves when a CU expands. (In the

case where existing members lose, new members gain by more than enough to compensate.)

This implies that, if several CUs merge, the aggregate welfare of members of the newly

formed CU increases. While this result is established by Yi (1996) for the case without

Article XXIV, we show that it continues to hold under the Article XXIV constraint.

Lemma 3. Under the Article XXIV constraint, the formation or expansion of CUs increases

the aggregate welfare of member countries.

See the Appendix for a summary of the proof; full details are given in the online Appendix.
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3.4 World welfare

What is the effect of CU formation and expansion on world welfare? As Yi (1996) points

out, without the Article XXIV constraint, as a CU expands, its members are on average

better off, but non-members are made worse off, so the effect on world welfare is ambigu-

ous, except when global free trade is reached where world welfare is maximized.11 As we

have shown above, the presence of Article XXIV does not reverse any of these effects. In

particular, Article XXIV is not sufficient to prevent the harmful effects of CU formation

on non-members, and so the effect on world welfare also appears ambiguous except for the

global free trade case. However, Article XXIV affects the magnitude of these effects, namely

it reduces the harm to non-members, so it may be possible that on the whole CU expan-

sion with the Article XXIV constraint increases world welfare. We cannot conclude at this

stage. To evaluate the effects of CU formation on world welfare we need to examine the link

between CU structures and welfare which we do in the next section.

4 CU structures and welfare

4.1 CU structures and individual members’ welfare

In Subsection 3.3, we showed that the formation and expansion of a CU has an ambiguous

impact on individual-member welfare. In fact, circumstances do exist under which we can

clearly predict that member welfare will increase under CU expansion. We determine these

conditions by exploring how welfare depends on CU structures.

Definition 1. Let P be the set of countries: P = {P1, P2, ..., PN}. A CU structure C =

{B1, B2, ..., Bm} is a partition of the set of countries P into m CUs. Bi ∩ Bj = ∅ for i 6= j

and ∪mi=1Bi = P .

Since countries are symmetric, we can identify each CU with the number of its members.

In what follows, we will use the same notation as Yi (1996) and write C = {n1, n2, ..., nm},
where ni is the number of countries in the ith CU in C = {B1, B2, ..., Bm}. Both with

and without the Article XXIV constraint, the tariff equilibrium is unique for any given CU

structure and so the welfare of a CU of size k in any CU structure is well defined. Following

Yi (1996), we will denote the welfare of a member country of a CU of size k in a given CU

structure C as W (k;C), k = n1, n2, ..., nm. For example, in a CU structure C = {2, 3, 4},
W (3; {2, 3, 4}) is the level of welfare of a country belonging to the three-country CU.

Lemma 4. The welfare of a member of the size-ni CU in C = {n1, n2, ..., nm} is given by

W (ni;C) = NS(ni) + PB(ni;C) (8)

11Global free trade corresponds to the formation of one grand CU containing all the countries.
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where NS(ni) ≡ Q(ni)− γ
2
Q(ni)

2 − 1−γ
2

{
ni [qI(ni)]

2 + (N − ni) [qO(ni)]
2} is the net benefit

from consumption and PB(ni;C) ≡
m∑
j=1
j 6=i

njqO(nj)
2 − (N − ni) [qO(ni)]

2 is the profit balance.

Proof. The welfare of Country i is W i = CSi + πii + TRi +
N∑
j=1
j 6=i

πji. Noting that

CSi + πii + TRi = γ
2
Q2
i + 1−γ

2

N∑
j=1

q2
ij + πii + TRi = u(qi) − cQi −

N∑
j=1
j 6=i

πij, we have

W i = v(qi)− cQi︸ ︷︷ ︸
NS

+
N∑
j=1
j 6=i

πji −
N∑
j=1
j 6=i

πij

︸ ︷︷ ︸
PB

and the result follows.

The following results illustrate how the CU structure affects individual member welfare

under the Article XXIV constraint. These results are analogous to the propositions derived

by Yi (1996). We prove that Yi’s results (his propositions 6–8) continue to hold under the

Article XXIV constraint and discuss what the differences are with respect to the situation

without the Article XXIV constraint. These results will be crucial in determining the stable

CU structures of the CU formation game in Section 5.

Lemma 5. 1. If ni ∈ C, C ′, and C − {ni} can be derived from C ′ − {ni} by merging

CUs in C ′ − {ni}, then W (ni;C) < W (ni;C
′).

2. If ni > nj, then W (ni;C) > W (nj, C).

3. The members of a CU that merges with another CU of equal or larger size become

better off.

4. A member of a CU becomes better off if it leaves its CU to join another CU of equal

or larger size.

Proof. The qualitative properties of the welfare components qO(k) and NS(k) are the same

as in Yi (1996) and so Yi’s proofs of his propositions 6–8 (pages 163–164) apply with the

appropriate amendments (the Nash CET function τ(ni) is replaced by the Article XXIV-

constrained CET τc(ni)).

Although the proofs of these results are identical to the equivalent results of Yi except that

ours replace the general tariff, τ(ni), with our tariff on which the Article XXIV constraint

may be binding τc(ni), it may be helpful to provide some brief intuition. The first point of

Lemma 5 says that if CUs merge to form a larger CU, non-member countries not involved

in the merger are made worse off. This result is a consequence of Lemma 1: as any CU

expands, the export profits made by non-members unambiguously fall, and this is the only
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effect of CU expansion on non-members. Also from Lemma 1 we know that the Article

XXIV constraint will attenuate the adverse effect of a CU merger on non-members.

The second point ranks the per-member welfare of CUs in a given CU structure: in

any given CU structure, a member of a large CU has a higher level of welfare than does

a member of a small CU. This result holds both under the Article XXIV constraint and

without it, but the impact of Article XXIV is ambiguous and will depend on the given CU

structure. If the Article XXIV constraint binds for small CUs but not for large ones (which

is the case if γ is relatively large), the difference in welfare of a member of a large CU and a

member of a small CU will be exacerbated. However, if the Article XXIV constraint binds

for both large and small CUs, this difference may be attenuated.

The final two points show how changes in the CU structure affect the welfare of countries

involved in the change. When CUs merge, the welfare of members increases on average.

Before the merger, the members of the smallest CU involved have the lowest welfare among

the CUs involved, and thus their welfare must have necessarily increased by the merger.12

Imposition of the Article XXIV constraint does not reverse any of Yi’s equivalent results.

It only modifies the magnitude of the effect of CU formation on welfare. This will in turn

have important implications for the final equilibrium CU structure with and without the

Article XXIV constraint and for world welfare as we will show in Section 5.

4.2 CU structures and world welfare

Having understood the link between CU structures and welfare, we can now look more in

depth at the effects of CU formation under Article XXIV on world welfare.

Lemma 6. In a CU structure C = {n1, n2, ..., nm}, the world welfare is given by

WW (C) =
m∑
i=1

niW (ni, C) =
m∑
i=1

niNS(ni) (9)

Proof. World welfare is the sum of welfare of all the individual countries (8). The profit-

balance part of individual countries’ welfare cancels out, because for the world as a whole,

the profit balance is zero. And so the world welfare is the sum of the individual countries’

net benefits from consumption.

To disentangle the different effects of Article XXIV, we start by determining the impact

of Article XXIV on world welfare for a given CU structure. See the Appendix for the proof.

12Note that given the fact that two CUs of the same size are always better off by merging, if countries
were allowed to form only symmetric blocs as in Krugman (1991), they would always want to form one
large bloc containing all countries, i.e. go to free trade. Thus in our model, free trade would be the stable
equilibrium outcome if only symmetric blocs were allowed. This result is shown by Oladi and Beladi (2008)
in a different setting using the Krugman (1991) model. The difference of this paper is that we do not impose
the symmetry constraint on the CU structure, and, as we show in Section 5, symmetric blocs are not an
equilibrium outcome of the CU formation game considered in this paper.
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Proposition 2. For a given CU structure, the Article XXIV constraint weakly increases

world welfare.

The intuition for this result is clear: Article XXIV lowers CETs of CUs when it binds (and

has no effect when it does not bind) and so for a given CU structure, Article XXIV reduces

barriers to trade and so improves world welfare.

How does a CU expansion affect world welfare under Article XXIV? As we have already

mentioned in Section 3, Yi (1996) shows that, without the Article XXIV constraint, the

effect of a CU expansion on world welfare is ambiguous (except when free trade is reached).

Article XXIV attenuates some of the negative effects of CU formation and it makes it

possible for CU expansion to be world welfare increasing under certain conditions. The

following proposition provides a sufficient condition under which a CU expansion increases

world welfare under Article XXIV. See the Appendix for a summary of the proof; full details

are given in the online Appendix.

Proposition 3. Assume N ≥ 6 and consider a given CU structure C = {n1, n2, ..., nm}.
Within C, consider any two CUs i and j such that ni ≥ nj. Assume that the Article XXIV

constraint is binding at least on union j. Expansion of CU i, by accepting countries from

the smaller or equal-sized union j, increases world welfare if ni + nj ≥ 2N
3

.

The intuition behind this result is that CU expansion increases members’ welfare while

hurting outsiders. So if there are not many outsiders and if the Article XXIV constraint

binds on the small union such that the expanding union is even better off than when it

expands in the absence of Article XXIV (where the small union could increase its tariff),

world welfare increases on average.

Proposition 3 thus reveals another potential world-welfare increasing effect of Article

XXIV: Article XXIV is not sufficient to prevent the harmful effects of a CU expansion on

world welfare in all cases, but it does prevent them in many cases.13

An important consequence of Proposition 3 is that if the world is divided into only two

blocs, an increase in the asymmetry between these blocs increases world welfare (with free

trade being the extreme case that maximizes world welfare). Note that this is not necessarily

true in the absence of Article XXIV (it is very easy to find counter-examples) because the

smaller union when becoming smaller could raise its CET and thus reduce the benefits to

the members of the larger expanding union.

13Note that the condition given by Proposition 3 is only a sufficient condition, it is not a necessary
condition. The necessary condition for the expansion of CU i to be world-welfare increasing when CU j is
bound by Article XXIV is much weaker: the combined size of the two unions involved in the transformation
ni + nj has to be greater than a certain threshold which varies with the parameters of the model N and γ
and ranges from 0 to 2N

3 . The exact threshold is derived in the online Appendix. It does not present any
particular interest for our analysis.
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5 CU formation equilibria and Article XXIV

The previous sections showed that the Article XXIV constraint slightly attenuates some

of the negative effects of exogenous CU formation and expansion. Outsiders are made

less worse off by the formation of a CU (Article XXIV is however insufficient to reverse

this negative effect completely) and CU expansion becomes world-welfare improving under

certain conditions. These intermediate results might suggest that the effect of Article XXIV,

if any, is mildly positive and relatively unimportant. In this section, we analyze the effects

of Article XXIV on endogenous CU formation. We show that the Article XXIV constraint

affects the incentives for CU formation and thus affects the final equilibrium CU structure,

with important, possibly negative, implications for world welfare.

5.1 CU formation game

We follow Yi (1996) in using an infinite-horizon sequential-move ‘coalition unanimity game’

to model the CU formation process. In this game, a coalition forms if and only if all

potential members agree to form the coalition.14 Bloch (1996) shows that this game yields

the same stationary subgame perfect equilibrium coalition structure as the following ‘size

announcement game’. All countries are placed on a list, say P1, P2, ..., PN . Country P1 is

asked to announce the size of the CU that it would like to form, e.g. k. Then the first k

countries form a size-k CU, and then country Pk+1 announces the size of the CU it would

like to form, and so on until PN is reached. Bloch (1996) shows that this size announcement

game has a (generically) unique subgame perfect equilibrium coalition structure. We will

now use this size announcement game to determine stable CU structures of the CU formation

process.15

5.2 Characterization of stable CU structures

In this subsection, we characterize stable CU structures when countries play the size an-

nouncement game characterized above. In order to do so, let us define k0 as the largest

integer such that any size-k CU, k ≤ k0, becomes better off by merging with a single-country

CU. Formally:

14The country P1 starts the game by proposing the formation of a CU, e.g. {P1, P3, P7, P8}. Then all
proposed partners (following subsequently from country P1) are asked to agree or disagree. If a proposed CU
partner disagrees then it is asked to make its own proposal of a CU and, again, each subsequent proposed
partner of the CU is asked whether or not it agrees. If all agree then the CU forms and those countries
withdraw from the game. Then the first country among the remaining countries makes a proposal.

15Note that side-payments between countries are not allowed in the CU formation process. If they were,
then it would be possible to reach free trade under any set of parameter values. While they do occur
in practice, it appears that political constraints coupled with credit market imperfections mean that side-
payments between countries are not large enough to facilitate free trade.
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Definition 2. For all CU structures C and C ′, C ′ = C − {k} ∪ {k − 1, 1}, and all k,

1 ≤ k ≤ k0, k0 is the largest integer which satisfies W (k;C) ≥ W (k − 1;C ′).

The following Lemma characterizes stable CU structures of the size announcement game. A

summary proof of this and the other results in this Section are in the Appendix. Detailed

proofs can be found in the online Appendix.

Lemma 7. 1. Under the Article XXIV constraint, the unique subgame perfect equilib-

rium CU structure of the size announcement game has a unique smallest CU, which

is the last CU to form.

2. Under the Article XXIV constraint, the unique subgame perfect equilibrium CU struc-

ture of the size announcement game has a unique second-smallest CU, which is the

second-to-last CU to form and which has at least k0 members.

3. Under the Article XXIV constraint, the number of equilibrium CUs in the size an-

nouncement game is not greater than four. For γ ∈ [0, 1
2
(13−

√
129)] or N ≤ 31, the

number of equilibrium CUs is not greater than three, and, for γ = 0, the equilibrium

CU structure is global free trade.

The intuition for these results is simple: from Lemma 5, we know that two CUs of equal size

would be better off by merging and so the CU equilibrium structure cannot be symmetric.

Also, the last CU to form must be the smallest since it implies the lowest level of welfare

for each of its members. If its members had the option to form a larger CU earlier in the

process then they would have done so. By the same reasoning, the second-to-last CU to form

must be the unique second-smallest CU. Furthermore, it has to have at least k0 members,

because if it did not, it would be better off by admitting at least one more member. Thus

we are able to put a lower bound on the size of the second-to-last CU to form and of all the

other larger CUs that form before the second-to-last union. This in turn provides us with

an upper bound on the number of CUs in equilibrium which is four CUs for γ ∈ [0, 1] and

three for γ ∈ [0, 1
2
(13−

√
129)].16 When γ = 0, there will be only one CU (the equilibrium

is free trade). This is because when goods are independent in demand, the gains from free

trade outweigh the gains from foreign rent extraction.

5.3 Article XXIV and equilibrium CU structures

We now explore in detail how Article XXIV affects the equilibrium CU structure. It is

difficult to find a general closed-form solution for the equilibrium CU structure.17 We can

however make use of the result, derived in Lemma 7, that there will be at most four CUs in

16Yi (1996) showed that in the absence of Article XXIV there will be at most three CUs in equilibrium.
17To solve for the equilibrium CU structure, one would need to solve a series of pth degree polynomial

equations with p ≥ 6 (the degree of the equations depends on which unions are constrained by Article
XXIV) where the coefficients of these polynomials are themselves high-degree polynomials in N and γ.
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equilibrium, to run a grid search and determine the equilibrium CU structures numerically.

The numerical analysis shows that, for the wide range of parameters covered, there will be

actually at most only two CUs in equilibrium (both with or without Article XXIV). Before

looking at the numerical results in detail, we derive three additional analytic results which

will provide context for the numerical ones.

First, to be able to interpret the effects of Article XXIV, we need to know which equilib-

rium CUs will be bound by it. In Section 2, we showed that only CUs of smaller size than

k∗∗(N, γ) are constrained by Article XXIV. The following Proposition determines which CUs

in the CU formation equilibrium will satisfy this condition assuming that there will be at

most two CUs in the equilibrium.

Proposition 4. Assume that there are at most two CUs in equilibrium. When the small

CU is not empty,

1. for every N ≥ 5, there exists a unique γ̂(N) ∈
(

466
1000

, 476
1000

)
such that for γ ≤ γ̂(N)

Article XXIV binds on the large CU and for γ > γ̂(N) it does not;

2. Article XXIV always binds on the small CU.

Now that we know when and on which CU Article XXIV binds in a two CUs equilibrium,

we analyze how it affects the incentives of countries to form CUs. Namely, we look at the

local effects of Article XXIV: At the equilibrium point where the large bloc has chosen its

size optimally in the presence of Article XXIV, how would its choice be affected if we were

to remove Article XXIV and allow CUs to marginally increase their CET?

Proposition 5. Assume that there are at most two CUs in equilibrium. When the small

CU is not empty,

1. when Article XXIV binds on the large CU, it makes the large CU want to accept more

members;

2. when Article XXIV binds on the small CU, it makes the large CU want to accept fewer

members.

The intuition for these results is simple: when the large bloc is constrained, it is less able to

exploit terms-of-trade and profit-shifting gains from outsiders. Hence gains from free trade

with more countries become relatively larger and so the large bloc would want to expand.

For the second part of the result, assume that Article XXIV binds on the small bloc. If

this constraint is lifted, the small bloc would raise its CET and thus hurt the members of

the large bloc. To mitigate this effect, the members of the large bloc would want to accept

more members so that they suffer the import tariff rise from fewer countries. Thus, when

the small bloc is constrained, the large bloc would want to accept fewer members.

Proposition 5 characterizes local effects of Article XXIV. The next obvious question is

whether these local effects translate into a global change in the CU structure when Article
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XXIV is imposed? And if yes, how is the equilibrium CU structure affected by Article

XXIV?

Proposition 6. Assume that there are at most two CUs in equilibrium. For γ > γ̂(N) and

N ≥ 139, the equilibrium CU structure under Article XXIV is strictly more symmetric than

without Article XXIV.

From Proposition 4 we know that, for γ > γ̂(N), only the small CU in a two CU equilibrium

structure is constrained by Article XXIV and so only the second effect of Article XXIV (from

Proposition 5) can be present. Proposition 6 shows that this local effect translates into a

global effect for sufficiently large N .

When γ ≤ γ̂(N), both blocs are constrained by Article XXIV, and both local effects

of Article XXIV are present. These two effects work in opposite directions. Which effect

dominates? Intuitively, when the large union is more constrained by Article XXIV (γ close

to 0) the first effect will dominate, and when the small union is more constrained (γ close

to γ̂(N)) the second effect will dominate. This however depends on the parameters on the

model and we cannot derive an unambiguous analytic result.

To evaluate the global effects of Article XXIV for the entire range of γ we determine

equilibrium CU structures both with and without the Article XXIV constraint numerically.

To do so, we conduct a grid search over all the possible sizes of the CUs assuming that there

will be at most four CUs in equilibrium (for details on the CU formation algorithm see the

online Appendix). We run these simulations for 0 ≤ γ ≤ 1 (incrementing γ by 10−6) and

for N = 5, . . . , 105. Below we report the results of our numerical analysis. The first result

determines the number of CUs in equilibrium.

Result 1. For the range of parameters N and γ considered, there are at most two CUs in

equilibrium.

The following three results confirm that local effects derived in Proposition 5 correctly

predict the global effects of Article XXIV on the equilibrium CU structure.

Result 2. For low values of γ, Article XXIV leads to a weakly more asymmetric equilibrium

CU structure (i.e. the large CU is larger).

Result 2 is illustrated in Figure 4 which shows koptL , the size of the large CU in the equilibrium

CU structure consisting of two asymmetric CUs, with and without Article XXIV. We can

see that for low values of γ, the large CU is weakly larger with Article XXIV than without.

Intuitively, for low γ, the equilibrium CU structure is weakly more asymmetric with the

Article XXIV constraint, because, for low γ, given the shape of the CET function which is

increasing in the size of the bloc, it is the large CUs that are more constrained than small

ones, and thus the first effect from Proposition 5 dominates.18

18Note that the range of γ for which Result 2 arises becomes smaller as N increases. This is because an
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With Article XXIV

(c) N = 1000, 0 ≤ γ ≤ 0.003

Figure 4: Size of the large bloc in the equilibrium two CU structure for low values of γ.

Figure 4 also illustrates the result from Lemma 7 that, for γ sufficiently close to 0, the

equilibrium CU structure is one large union containing all the countries, i.e. free trade. This

is because, when goods are independent, the static efficiency gains of free trade outweigh

the terms-of-trade benefits that would arise under CU formation even for a large CU. Thus

there is a strong incentive for countries to go to free trade. For higher values of γ, gains

from free trade are relatively smaller than benefits from foreign-rent extraction and so it is

beneficial for the large union to leave some countries out of the union.

Yi (1996) shows that, for every N , there is a unique threshold value of γ, which we will

denote γFT (N), below which the equilibrium CU structure is free trade. This threshold value

is given by W (N ; {N}) ≥ W (N − 1; {N − 1, 1}). We determine this threshold value of γ

numerically both with and without the Article XXIV constraint (γFTc and γFTu respectively).

The following result compares these two thresholds.

Result 3. For 7 ≤ N ≤ 105, γFTc ≥ γFTu .

Hence for the range of parameters considered, free trade arises for a wider range of γ with

Article XXIV than without it. This is because Article XXIV limits foreign rent extraction

and so the benefits from free trade outweigh the benefits from foreign rent extraction for a

larger range of parameters.19 The widening of the range of parameters for which free trade

arises is however small and it decreases as N increases as illustrated in Figure 5.

Result 4. For higher values of γ, Article XXIV leads to a weakly more symmetric equilib-

rium CU structure (i.e. the large CU is smaller). For γ ≥ 0.476 and N ≥ 22, the equilibrium

CU structure under Article XXIV is strictly more symmetric than without it.

increase in N affects the shape of the CET and thus the way in which Article XXIV binds. We know that
for γ ≤ γ̂(N), all CUs are constrained by Article XXIV, but as N increases, the small CU becomes more
constrained than the large one as k∗/N → 0 (the maximum of the function τ is shifting to the left).

19Syropoulos (1999) obtains a similar result in a very different setting. He considers CU formation in a
three-country model with perfect competition and studies the equilibrium outcome of CU formation in a
different parameter space: his parameter of interest is countries comparative advantage and he shows that
under Article XXIV, free trade may be reached for a larger range of this parameter. In our case, we have
an oligopolistic model of international trade among N countries and our parameter of interest to determine
whether the equilibrium outcome will or not be free trade is the substitution index between goods (or the
total number of countries in the world). What our models have in common is that we both find that Article
XXIV makes free trade the equilibrium outcome for a wider range of parameters.
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Figure 5: Difference in the free trade threshold substitution index: ∆γFT = γFTc − γFTu .

For higher values of γ, the large CU is less constrained than the small CU (or not at all if

the Article XXIV constraint does not bind on the large union which is the case for γ ≥ γ̂(N)

with γ̂(N) < 0.476) and so the second effect from Proposition 5 dominates (or is the only

present). Result 4 refines the analytic result derived in Proposition 6. It is illustrated in

Figure 6 which shows again the equilibrium size of the large bloc koptL with and without

Article XXIV, but this time for the whole range of γ.
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Figure 6: Size of the large bloc in the equilibrium two CU structure for all γ.

5.4 Article XXIV and world welfare

Finally, we are interested in determining the impact of Article XXIV on world welfare. We

know from Proposition 2, that for a given CU structure, by reducing barriers to trade,

Article XXIV increases world welfare. However, Proposition 5 tells us that Article XXIV

affects the incentives of countries to form CUs, and Proposition 6 and our numerical analysis

show that, indeed, Article XXIV affects the equilibrium CU structure. Thus Article XXIV

not only reduces barriers to trade, but it also has a composition effect on the equilibrium CU

structure. The total effect on world welfare of Article XXIV depends on how the equilibrium

CU structure is affected.

Proposition 7. In an equilibrium CU structure with two CUs, when Article XXIV leads

to a more asymmetric equilibrium CU structure (or leaves the CU structure unchanged),
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it unambiguously increases world welfare. When Article XXIV leads to a more symmetric

equilibrium CU structure, its effect on world welfare is ambiguous.

Proof. Follows from Propositions 2, 3 and 4.

The total effect of Article XXIV on world welfare can be decomposed into two effects: 1)

the effect of imposing Article XXIV keeping the CU structure fixed, and 2) the effect of

the change in the equilibrium CU structure under Article XXIV. From Proposition 2, we

know that the first effect is positive: Article XXIV increases world welfare for a given CU

structure. From Proposition 3, we know that, when Article XXIV binds at least on the small

union, an increase in the asymmetry between the CUs increases world welfare. (Proposition

4 tells us that, in an equilibrium CU structure with two unions, the small union is always

bound by Article XXIV.) Hence when Article XXIV leads to a more asymmetric equilibrium

CU structure, the two effects of Article XXIV work in the same direction, and Article XXIV

increases world welfare. When Article XXIV leads to a more symmetric equilibrium CU

structure, the two effects work in opposite directions, and the effect of Article XXIV is

ambiguous.

Evaluating world welfare (9) at the equilibrium CU structures obtained in our numerical

analysis with and without Article XXIV confirms that, for low values of γ, when Article

XXIV makes the equilibrium CU structure more asymmetric, world welfare unambiguously

increases. On the other hand, for higher values of γ, when Article XXIV makes the equilib-

rium CU structure more symmetric, either effect of Article XXIV can dominate and, for a

wide range of parameters, world welfare may actually fall. This is particularly important in

light of our earlier result that, for a given CU structure, Article XXIV must increase world

welfare.

Result 5. When Article XXIV leads to a more symmetric CU structure, world welfare falls

for a wide range of parameters.

This result is illustrated in Figure 7, which shows, for N = 30, how the effect of Article XXIV

on world welfare relates to the change in equilibrium CU structures, for different values of

gamma. Recall that the equilibrium consists either of one or two asymmetric blocs. Figure

7(a) shows koptL , the equilibrium size of the large bloc, with and without Article XXIV, as a

function of γ when γ is low. Figure 7(b) shows koptL for the full range γ ∈ [0, 1]. Figures 7(c)

and 7(d) show ∆koptL , the difference in the equilibrium size of the large bloc with and without

Article XXIV, for the respective ranges of γ. Notice again from Figures 7(a) and 7(c) that,

for low γ (γ ≤ 0.085616), the equilibrium CU structure is weakly more asymmetric with

Article XXIV (the size of the large bloc is larger and ∆koptL ≥ 0), and free trade is reached for

a slightly broader range of parameters than without the Article XXIV constraint. For higher

values of γ, as shown in Figures 7(b) and 7(d), the equilibrium CU structure with Article
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Figure 7: Equilibrium size of the large bloc, difference in the equilibrium size of the large
bloc and difference in world welfare with and without Article XXIV as a function of γ for
N = 30.

XXIV is weakly more symmetric (∆koptL ≤ 0).20 Figures 7(e) and 7(f) show the difference

in world welfare with and without the Article XXIV constraint. When the equilibrium

structure is the same in both cases, the large bloc is of the same size in Figures 7(a) and

7(b), ∆koptL = 0 in Figures 7(c) and 7(d), and world welfare is improved under Article

XXIV, because, as we showed in Proposition 2, Article XXIV increases world welfare for

a given CU structure. When the equilibrium structure is strictly more asymmetric under

Article XXIV (case when free trade is reached under Article XXIV, but not without it for

γFTu = 0.068305 < γ ≤ γFTc = 0.071671), there is a significant improvement in world welfare.

But when the equilibrium structure is more symmetric under Article XXIV, the large bloc is

smaller in Figures 7(a) and 7(b), the difference in the equilibrium size is negative in Figures

7(c) and 7(d), and world welfare may be lower. For the case of N = 30 considered here, world

20The structure is weakly more symmetric for γ ≥ 0.085617. It becomes strictly more symmetric for
γ ≥ 0.140462.
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welfare is actually lower every time when the CU structure is strictly more symmetric with

the exception of γ ∈ [0.810577, 0.87454] and γ ∈ [0.998993, 1] where the welfare increasing

effect coming from the reduction in trade barriers dominates.21 The reduction of world

welfare by Article XXIV is the crucial possibility highlighted in this paper.

6 Conclusion

This paper has examined the effect of the GATT/WTO’s Article XXIV on CU formation,

the equilibrium CU structure, the welfare of individual countries and the welfare of the

world as a whole. We introduced an Article XXIV constraint into the model of Yi (1996),

which formed our benchmark. In this model, CUs form through a coalition formation game:

governments decide sequentially on CU membership to maximize their country’s welfare.

The equilibrium CU structure consists typically of two CUs. The Article XXIV constraint

essentially prevents a CU from raising its CET. Its effect depends on which equilibrium CU is

bound by it. When the first CU to form is bound by Article XXIV, it would want to accept

more members, because Article XXIV sets a bound on foreign rent extraction and thus

makes the benefits from freer trade relatively larger. On the other hand, when the second

bloc is constrained by Article XXIV, the first bloc would want to accept fewer members

because the welfare loss that the second bloc can inflict on the first bloc is smaller. Thus

Article XXIV may make the equilibrium CU structure more or less symmetric depending

on which of these two effects dominates. When goods are independent, the first larger bloc

is more constrained by Article XXIV, the first effect dominates and the equilibrium CU

structure is more asymmetric. A consequence of this is that the range of γ for which free

trade arises is widened under Article XXIV, making free trade more likely. When goods

are more substitutable, the second smaller bloc is more constrained by Article XXIV (or

it is the only one to be constrained), the second effect dominates and the equilibrium CU

structure is more symmetric. The change in the equilibrium CU structure has important

consequences for world welfare as an increase in the symmetry leads to a larger number

of varieties being subject to the tariff distortion as they pass between CUs; hence Article

XXIV may indeed be bad for world welfare.

Inevitably, the theoretical framework developed here simplifies the situation in a number

of key respects. In future work, it would be useful to check the robustness of our results to

alternative economic and policy-making environments. To check robustness to alternative

economic environments, one could begin by examining the introduction of an Article XXIV

constraint to other models of CU formation, such as that of Bond and Syropoulos (1996).

These authors study CU formation in an endowment economy with C.E.S. preferences which

in all other respects is the same as ours. A key difference between the behavior of their model

21Note that world welfare appears here to be a discontinuous function of γ because of the integer constraint
on the CU structure.
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and ours is that in their model the CET is monotonically increasing in CU size while in

ours, as we have seen, it is non-monotonic. So while in the equilibrium CU structure of our

model the Article XXIV constraint may bind only on the small CU, in theirs it would have

to bind on both simultaneously. Further analysis is needed to determine which of the effects

examined in this paper would dominate, but we conjecture that the monotonic feature of

the CET in their model would rule out the reduced asymmetry of CUs under Article XXIV

that drives a reduction of world welfare in ours.

To check the robustness of our results to alternative policy-making environments, a

useful starting point would be to follow recent research on trade agreements and regionalism

where tariffs are used for political or redistributive purposes.22 Such considerations could

be incorporated in the model of the present paper by putting a higher weight on producers’

profits. It seems likely that the basic insights of the present paper about the application of

Article XXIV would remain robust to the inclusion of distributional/political concerns of

the government.

Since our paper suggests that Article XXIV may worsen world welfare, the question

naturally arises as to what an appropriate revision of Article XXIV would be. A follow-

up paper by Mrázová (2010) examines this question and determines by how much it is

necessary to reduce the CET of a CU in this framework to eliminate the harmful effects of

CU formation.

While the analysis that we have undertaken reveals a surprising implication of Article

XXIV, it does not go on to consider the effects of Article XXIV on multilateral liberalization.

Bhagwati (2008) has suggested that there are now so many blocs in existence, and this

number is increasing, that this undermines negotiations directed at further liberalization of

the WTO. Baldwin (2006) argues the opposite. Dinopoulos and Syropoulos (2008) argue

that Article XXIV may lessen the impediments to multilateralism created by the existence

of CUs, because it reduces the gains from CU formation, but alternatively may prevent the

progression from regionalism to multilateralism because it makes regionalism more palatable

to some parties. An important open question for further research is how the composition

effect of Article XXIV that we have identified operates in a dynamic setting.

22In addition to Ornelas (2005a,b), see for example Krishna (1998), Grossman and Helpman (1995) and
Maggi and Rodriguez-Clare (1998).
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A Appendix

For all the derivations, unless otherwise stated, we assume that the parameters of the model

lie within the relevant ranges for the analysis, namely γ ∈ [0, 1], N > 1 and k ∈ [1, N ].

Proof of Proposition 1.

∂τ(k)

∂k
=
γΓ(0)

D(k)2

{
Γ(0)Γ(N) [Γ(0) + 1]− Γ(2k)2

}
≥ 0 if and only if k ≤ k∗ given by (4)

So τ(k) is a continuous, initially increasing and then decreasing function of k with a maxi-

mum at k∗ > 0. Note that τ(0) < τ(1) for γ > 0 (for γ = 0, τ(k) is a constant function) and

that lim
k→+∞

τ(k) = 0 < τ(1) and so using the intermediate value theorem, we know that the

second degree polynomial equation τ(k) = τ(1) has two positive roots: a trivial root k = 1

and another strictly positive root k∗∗. If k∗ = 1, 1 is a double root (and k∗∗ = 1), if k∗ 6= 1,

k∗∗ is different from 1. Factorizing the equation

τ(k)− τ(1) = 0⇔ (k − 1)γ {Γ(0)Γ(N) [Γ(0) + 1]− Γ(0)Γ(2)− 2γΓ(2)k} = 0

yields k∗∗ given by (5). When k∗ ≤ 1, we have k∗∗ ≤ 1. The CET is a monotonically

decreasing function on the relevant range k ∈ [1, N ], and thus the Article XXIV constraint

does not bind and we have for any k ∈ (1, N ], k > k∗∗ and τc(k) = τ(k). When k∗ > 1, we

have k∗∗ > 1. Article XXIV binds for 1 ≤ k ≤ k∗∗. It imposes τc(k) = τ(1) for 1 ≤ k ≤ k∗∗

and τc(k) = τ(k) for k > k∗∗. See the online Appendix for a detailed study of k∗ and k∗∗.

Proof of Lemma 1. Differentiating qO(k) given by (6) with respect to k yields

dqO(k)

dk
=

{
− γτ(1)

Γ(0)Γ(N)
< 0 for 1 ≤ k ≤ k∗∗

− γ
D(k)2

{[2(2− γ) + 1 + 4kγ] (2− γ)2 + 2(1− γ)k2γ2} < 0 for k∗∗ < k < N

Note that Γ(0)Γ(N)dqO(k)
dk

= −γτc(k)−Γ(k)dτc(k)
dk

. When the Article XXIV constraint binds,

τc(k) ≤ τ(k), so the first term on the right hand-side is negative, but greater under Article

XXIV than without. The second term on the right hand-side is 0 when the Article XXIV

constraint binds. For 1 ≤ k < k∗, τ(k) is an increasing function of k, so the second term

is negative without Article XXIV. So on the whole, under Article XXIV, the derivative of

qO(k) is negative, but greater than without Article XXIV. So qO(k) is decreasing at a slower

rate under Article XXIV for 1 ≤ k < k∗. For k = k∗, the second term on the right hand-side

becomes also 0 without Article XXIV (from the variations of τ(k)). This is the point where

the difference in the rate of decrease in qO(k) is the largest between the situations with and

without Article XXIV. For k∗ < k < k∗∗, the second term on the right hand-side becomes

positive and so the difference in the rates of decrease starts to diminish until it disappears

at k∗∗.
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Proof of Lemma 2. 1. Consumer surplus: The consumer surplus of a country belonging

to a k-size CU is

CS [k, τc(k)] =
γ

2
Q [k, τc(k)]2 +

1− γ
2

{
kqI [k, τc(k)]2 + (N − k)qO [k, τc(k)]2

}
(10)

The goal of this proof is to determine the sign of the derivative of CS with respect to k.

Note that
d

dk
CS [k, τc(k)] =

∂CS

∂k

∣∣∣∣
τc(k)

+
∂CS

∂τc

∂τc
∂k

(11)

We proceed in three steps and sign each of the three terms of the derivative separately. We

already know from the properties of τc(k) that ∂τc
∂k
≤ 0. Furthermore, making use of (6) and

(7), partial differentiation of (10) with respect to τc yields

∂CS

∂τc
=

(N − k)

Γ(0)2Γ(N)2

{
−Γ(0)2(1− γ + γN) +

[
D(k)− 2Γ(k)2

]
τc
}

As D(k)−2Γ(k)2 = γΓ(0)(N−k)+(1−γ)Γ(N)Γ(k) > 0, the partial derivative of consumer

surplus is a linear increasing function of the tariff (it is negative for τ = 0). Call τCSmin

the tariff at which the partial derivative of consumer surplus is zero (and consumer surplus

is minimum): τCSmin = Γ(0)2(1−γ+γN)
D(k)−2Γ(k)2

. The partial derivative of consumer surplus is thus

negative for any tariff smaller than τCSmin. An easy factorization shows that the Nash

optimal tariff τ(k) is smaller than τCSmin:

τCSmin − τ(k) =
Γ(0) [Γ(0)Γ(N)Ψ(k)(1− γ + γN) + Γ(2k)Γ(N)γk]

D(k) [D(k)− 2Γ(k)2]
> 0

As τc(k) ≤ τ(k), ∂CS
∂τc
≤ 0. Moreover, partial differentiation of (10) with respect to k yields

∂CS

∂k

∣∣∣∣
τc(k)

=
τc

Γ(0)2Γ(N)2

{
Γ(0)2(1− γ + γN)−

[
D(k)− 2Γ(k)2

]
τc
}︸ ︷︷ ︸

≥0 for τc≤τCSmin

+
τ 2
c (1− γ)

2Γ(0)2︸ ︷︷ ︸
≥0

≥ 0

Hence the result d
dk
CS [k, τc(k)] =

∂CS

∂k

∣∣∣∣
τc(k)︸ ︷︷ ︸

≥0

+
∂CS

∂τc︸ ︷︷ ︸
≤0

∂τc
∂k︸︷︷︸
≤0

≥ 0.

3. Home firm’s export profits in new members’ markets: From (6) we immediately

see that qI(k) ≥ qO(k′) for any k, k′ ∈ [1, N ].

Home firm’s domestic profits and export profits in existing members’ markets:

dqI(k)

dk
=

1

Γ(0)Γ(N)

{
[Γ(N)− Γ(k)]

dτc(k)

dk
− γτc(k)

}
≤ 0

given that dτc(k)
dk
≤ 0 and τc(k) ≥ 0.
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Proof of Lemma 3. Suppose that CUs of size k and s merge. To prove that, under Article

XXIV, the merger of these CUs increases the aggregate welfare of member countries, we

need to distinguish three cases. First, the case where neither of the two initial CUs nor the

after-merger CU are bound by Article XXIV. This case was proved by Yi (1996) (see Yi

(1996), Appendix B, pages 172–175).23 Second, the case where both the two initial CUs

and the after-merger CU are bound by Article XXIV. This proof proceeds along similar

lines as Yi’s (1996) proof of the unconstrained case with the difference that the CET of the

merging CUs is kept constant by the binding Article XXIV at τc(k) = τ(1). For details

see the online Appendix. Third, we need to consider the case where the Article XXIV

constraint is binding for (at least one of) the initial CUs but not for the after-merger CU.24

Consider the tariffs of the CUs not involved in the merger as given (could be constrained

or unconstrained). Let the subscript u denote an unconstrained CU and the subscript c a

constrained CU. By Yi’s proof, we have (k + s)Wu(k + s) ≥ kWu(k) + sWu(s). Now, given

the tariffs of the CUs not involved in this merger, the CUs of size-k and size-s involved

in this merger are better off when unconstrained compared to the constrained situation

kWu(k)+sWu(s) ≥ kWc(k)+sWc(s). So, we have (k+s)Wu(k+s) ≥ kWc(k)+sWc(s).

Proof of Proposition 2. Consider C = {k1, k2, . . . , km}, a CU structure where ki is the

size of the ith CU. Using (6), (7), (8), the differentiation of world welfare (9) with respect

to the CET of the ith CU τi yields

dWW

dτi
= ki

dNSi
dτi

= − ki(N − ki)
Γ(0)2Γ(N)2

{
Γ(0)2 +

[
D(ki)− 2Γ(ki)

2
]
τi
}
≤ 0 (12)

As D(ki) − 2Γ(ki)
2 = γΓ(0)(N − ki) + (1 − γ)Γ(N)Γ(ki) ≥ 0, we have dWW

dτi
≤ 0 for any

τi ≥ 0. So for a given CU structure, world welfare is a decreasing function of any CET of

any union. The Article XXIV either lowers CETs when it binds or leaves them unaffected

when it does not bind, and thus weakly increases world welfare.

Proof of Proposition 3. Consider a CU structure C = {k1, k2, . . . , km}. Without loss of

generality, assume that the first CU (of size k1) is expanding by accepting members from

the last CU (of size km). We want to see the impact on world welfare of an increase in the

asymmetry between these two CUs, so we assume k1 ≥ km. The large CU is imposing a CET

τ1, the small CU is imposing τm. The sub-structure {k2, . . . , km−1}, which stays constant,

will be irrelevant for the changes in world welfare and the only thing that will matter will

be the sum of the sizes of the other unions so let’s define k̃ ≡ k2 + . . . + km−1. We can

then re-express the size of the last CU km = N − k̃ − k1. We want to determine the sign of

23Note that this proof is valid for a group of CUs for whom the Article XXIV constraint does not bind
even though it might bind on other CUs not involved in the merger.

24From the properties of the CET we know that the converse cannot occur.
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dWW (k1,k2,...,N−k̃−k1)
dk1

. The total derivative can be decomposed as follows

dWW

dk1

=
∂WW

∂k1

∣∣∣∣
(τ1,τm)

+
∂WW

∂τ1︸ ︷︷ ︸
≤0

∂τ1

∂k1︸︷︷︸
≤0

+
∂WW

∂τm

∂τm
∂k1︸︷︷︸
=0

(13)

We assume that Article XXIV binds at least on the small union involved in the transforma-

tion, and so we have τm = τc(N − k̃ − k1) = τ(1) and hence ∂τm
∂k1

= 0. Furthermore, with

Article XXIV in place, we know that τ1 = τc(k1) is a non-increasing function of k1 and so we

have ∂τ1
∂k1
≤ 0. From the proof of Proposition 2 above we also have ∂WW

∂τ1
≤ 0. The remainder

of this proof shows that ∂WW

∂k1

∣∣∣
(τ1,τm)

≥ 0 when k1 + km ≥ 2
3
N . Making use of (6), (7), (8),

partial differentiation of world welfare (9) with respect k1 yields

∂WW

∂k1

∣∣∣∣
(τ1,τm)

=
1

2Γ(0)2Γ(N)2
{2Γ(0)2

[
(2k1 −N)τ1 + k̃τm + (2k1 + k̃ −N)τm

]
+α(k1, N, γ)τ 2

1 + β(k̃ + k1, N, γ)τ 2
m

} (14)

where

α(k,N, γ) ≡ − 3γ2 [Γ(N)−N ] k2

+ 2
[
−γ2(1− γ)N2 + 2γΓ(0)N + Γ(0)2(1− γ)

]
k

− Γ(0)2(1− γ + γN)N

β(k,N, γ) ≡ 3γ2 [Γ(N)−N ] k2

+ 2
[
2γ2(1− γ)N2 + γΓ(0)(2− 3γ)N + Γ(0)2(1− γ)

]
k

− (1− γ)Γ(N)2N

Recall from the study of the Article XXIV constraint that Article XXIV can either bind on

both the small and the large union (τ1 = τm = τ(1)) or it can bind on the small union only

(τm = τ(1) and τ1 = τ(k1) ≤ τ(1)). Article XXIV can never bind on the large union and

not bind on the small union. To sign (14) we thus need to distinguish two cases:

1) Article XXIV binds on both the small and the large CUs (τ1 = τm = τ (1)):

When both unions are constrained, equation (14) simplifies to

∂WW

∂k1

∣∣∣∣
(τ1,τm)

=
(k1 − km)τ(1)

2Γ(0)2Γ(N)2

{
4Γ(0)2 +

[
Γ(0)2(1− γ + γN) + (1− γ)Γ(N)2

]
τ(1)

− k̃3γ2 [N − Γ(N)] τ(1)
} (15)

The first line of (15) is positive. The second line can be either positive or negative depending

on the parameters γ and N : N − Γ(N) ≤ 0⇔ γ ≥ γ̄(N) ≡ N−2
N−1

. Hence (15) is unambigu-

ously positive for γ ≥ γ̄(N). For γ = 0, (15) further simplifies and it is also unambiguously
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positive: ∂WW

∂k1

∣∣∣
(τ1,τm)

= (k1−km)τ(1)
4

[2 + τ(1)] ≥ 0.

For 0 < γ < γ̄(N), the second line of (15) is negative. The whole expression (15) is

positive provided that k̃ is sufficiently small. In other words, the two CUs involved in the

change considered have to represent a sufficient proportion of countries in the world: we

have to have k1 + km = N − k̃ ≥ k̄c ≡ max(0, k̂c) where

k̂c ≡ N − 4Γ(0)2 + [Γ(0)2(1− γ + γN) + (1− γ)Γ(N)2] τ(1)

3γ2 [N − Γ(N)] τ(1)

=
2 {(1− γ)γ2τ(1)N2 − 2Γ(0)γτ(1)N − Γ(0)2 [2 + (1− γ)τ(1)]}

3 [(1− γ)γ2τ(1)N − Γ(0)γ2τ(1)]
≤ 2

3
N

2) Article XXIV binds on the small union only (τ1 = τ (k1) ≤ τ (1) = τm): With

τm ≥ τ1, we have (2k1−N)τ1+k̃τm+(2k1+k̃−N)τm ≥ (2k1−N)τ1+k̃τ1+(2k1+k̃−N)τm =

(k1 − km)(τ1 + τm) ≥ 0. And so the first line of (14) is unambiguously positive. We now

need to sign the expressions α and β. As we show by successive differentiation in the

online Appendix, β(k,N, γ) is positive for N ≥ 6 when Article XXIV binds on the small

union, but not on the large one. α(k,N, γ) can be either positive or negative depending

on the parameters. We can therefore distinguish two cases: When α(k,N, γ) ≥ 0, we can

immediately conclude that (14) is positive. When α(k,N, γ) < 0, we can note that

α(k1, N, γ)τ 2
1 + β(k̃ + k1, N, γ)τ 2

m ≥
[
α(k1, N, γ) + β(k̃ + k1, N, γ)

]
τ 2
m

and

∂WW

∂k1

∣∣∣∣
(τ1,τm)

≥ (k1 − km)

2Γ(0)2Γ(N)2

{
2Γ(0)2(τ1 + τm) +

[
Γ(0)2(1− γ + γN) + (1− γ)Γ(N)2

]
τ 2
m

− k̃3γ2 [N − Γ(N)] τ 2
m

}
(16)

As in (15) in the constrained case 1), the first line of (16) is positive. The second line

can be either positive or negative depending on the parameters γ and N . The second

line is positive for γ ≥ γ̄(N) and for γ = 0, and thus the partial derivative of welfare is

positive for these values. For 0 < γ < γ̄(N), the second line of (16) is negative. The

whole expression (16) is again positive provided that k̃ is sufficiently small. We have to have

k1 + km = N − k̃ ≥ k̄u ≡ max(0, k̂u) where

k̂u ≡ N − 2Γ(0)2(τ1 + τm) + [Γ(0)2(1− γ + γN) + (1− γ)Γ(N)2] τ 2
m

3γ2 [N − Γ(N)] τ 2
m

=
2 {(1− γ)γ2τ 2

mN
2 − 2Γ(0)γτ 2

mN − Γ(0)2 [τ1 + τm + (1− γ)τ 2
m]}

3 [(1− γ)γ2τ 2
mN − Γ(0)γ2τ 2

m]
≤ 2

3
N
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And so for k1 + km ≥ 2N
3

, we have unambiguously in both cases 1) and 2)

dWW

dk1

=
∂WW

∂k1

∣∣∣∣
(τ1,τm)︸ ︷︷ ︸

≥0

+
∂WW

∂τ1︸ ︷︷ ︸
≤0

∂τ1

∂k1︸︷︷︸
≤0︸ ︷︷ ︸

≥0

+
∂WW

∂τm

∂τm
∂k1︸︷︷︸
=0

≥ 0

Proof of Lemma 7. 1. Smallest CU: The smallest CU must be unique, because, accord-

ing to Lemma 5, two CUs of the same size would be better off by merging. The last union

to form must be the smallest since, by Lemma 5, the smallest CU entails the lowest level of

welfare for its members.

2. Second smallest CU: The second smallest CU must be unique, because two symmetric

CUs would be better off by merging. Suppose that the second smallest CU has less than k0

members. Then the members of this union would be better off by admitting (at least) one

more member.

3. Number of equilibrium CUs: The second smallest CU which is the second-to-last to

form has at least k0 members and all the CUs that form before have strictly more members

than this CU. Thus there cannot be more than I(N
k0

) CUs in equilibrium where I(N
k0

) is the

next highest integer to N
k0

. The goal of this proof is to determine a lower bound for k0 in

order to get an upper bound for the number of equilibrium CUs.

Recall that k0 is the largest integer such that, for any k ≤ k0, W (k, C)−W (k−1, C ′) ≥ 0.

When γ = 0, for any k and N we have W (k, C)−W (k − 1, C ′) = 7
72
> 0 and k0 is infinite.

There will be only one CU of size N in equilibrium when γ = 0. When, γ > 0, treating k

as continuous, we want to solve for k0 such that W (k, C)−W (k − 1, C ′) = 0

⇔ NS(k)−NS(k − 1)− (N − k)qO(k)2 + (N − k + 1)qO(k − 1)2 − qO(1)2 = 0 (17)

In order to solve for k0, we need to distinguish three cases:

a) k0 is such that a CU of size k0 is constrained by Article XXIV: If a size-k0

CU is constrained by Article XXIV then a size-(k0− 1) must also be constrained by Article

XXIV. In this case, making use of (6), (7) and (8), together with τc(k) = τc(k − 1) = τ(1),

(17) becomes
τ(1)

2Γ(0)2Γ(N)2
(ω2k

2 + ω1k + ω0) = 0 (18)

with

ω2 ≡ 6γ2τ(1) ≥ 0

ω1 ≡ − 2γ
{

4Γ(0) + τ(1)
[
(1 + γ)γN − 8 + 9γ − γ2

]}
≤ 0

ω0 ≡ 2Γ(0)Γ(2N + 4) + τ(1)
[
−(1− γ)γ2N2 − (1− γ)γ(4 + γ)N + Γ(0)(2− 11γ + 2γ2)

]
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Equation (18) is a second-degree polynomial equation in k. Substituting τ(1) into the ωi,

we can solve (18) for k0(N, γ). In the online Appendix, we provide the explicit solution for

k0(N, γ) and we show that, for γ > 0, k0(N, γ) is a continuous and monotonically decreasing

function of γ. Thus evaluating k0 at γ = 1 gives a lower bound for k0:

k0(N, 1) =
1

18

[
10N + 28−

√
2(14N2 − 62N − 49)

]
≥ 5−

√
7

9
N

Hence there will be at most four CUs in equilibrium. Furthermore, we can note that

k0(N, 1) > N
3

for N ≤ 31 and so for N ≤ 31 there will be at most three CUs in equi-

librium. As k0 is a continuous and decreasing function of γ, with k0(N, γ) → +∞ when

γ → 0+ and k0(N, 1) < N
3

for N > 31, there exists a unique γ3 ∈ (0, 1) for which k0 = N
3

.

This γ3 is a complicated function of N , but γ3 = 1
2
(13−

√
129) ≈ 0.821092 is a lower bound

for γ3, because k0(N, γ3) ≥ N
3

(with equality for N = +∞). Hence we also know that for

N > 31 and γ ∈ [0, 1
2
(13−

√
129)] there will be at most three CUs in equilibrium.

b) k0 is such that a CU of size k0 is not constrained by Article XXIV, but a

CU of size k0 − 1 is constrained by Article XXIV: If this case occurs, we have

Wu(k, C) −Wc(k − 1, C ′) ≥ Wc(k, C) −Wc(k − 1, C ′) and so the derivations from case a)

above also provide a lower bound for k0 is this case.

c) k0 is such that neither a CU of size k0 nor of size k0 − 1 are constrained by

Article XXIV: This case corresponds to the case without the Article XXIV constraint

analyzed by Yi (1996) who shows that there will be at most three CUs in equilibrium.

Proof of Proposition 4. We assume that the equilibrium CU structure consists of at most

two blocs: a bloc of size k which forms first and a bloc of size N − k. From Lemma 7 we

know that the two blocs will necessarily be asymmetric with the larger bloc forming first

and so we have k > N − k. (Note that we allow the small bloc to be empty (k = N) in

which case there is only one bloc in equilibrium.)25

To determine which bloc will be constrained and when, we need to determine the equi-

librium size of the two blocs. The large CU (the first bloc to form) is choosing its size

k to maximize its welfare knowing that the second bloc will be formed by the remaining

countries. The optimization problem is thus

argmax
k

W (k, {k,N − k})

To solve this optimization problem, we need to calculate the first derivative of the welfare

function of the large CU W (k, {k,N − k}) with respect to its size k. But the welfare

function W (k, {k,N − k}) changes depending on which of the blocs is constrained. So to

25From Lemma 7 we know that for γ = 0 there will be only one CU in equilibrium and so Article XXIV
will have no hold.
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determine the equilibrium size of the two blocs, we need to make assumptions on which

bloc is constrained and then we have to check that the obtained equilibrium sizes do not

contradict our assumptions. Hence the proof proceeds in three steps. First, we solve for the

equilibrium size of the two blocs assuming that they are both constrained and we determine

the range of parameters for which the obtained equilibrium sizes are indeed such that the two

blocs are constrained. Second, we solve for the equilibrium size of the two blocs assuming

that only the small bloc is constrained and we show that, on the remainder of the parameter

range, the equilibrium sizes are such that only the small bloc is constrained. Finally, to

complete the proof, we solve for the equilibrium size of the two blocs assuming that neither

of them is constrained and we show that the equilibrium sizes are such that the small bloc

would necessarily be constrained. Hence we can conclude that the case in which neither

bloc is constrained never arises in equilibrium with Article XXIV.

1) Both blocs are constrained by Article XXIV (CC): Making use of (6), (7) and (8)

with τc(k) = τc(N − k) = τ(1), we can calculate the first derivative of the welfare function

of the large bloc with respect to its size

dWcc(k, {k,N − k})
dk

=
2 + γ

2Γ(N)2D(1)2
[λ0(N, γ)− 2γλ1(N, γ)k] (19)

with

λ0(N, γ) ≡ Γ(0)(28− 20γ + 5γ2 + γ3) + 4γ(30− 29γ + 13γ2)N + γ2(34− 41γ + γ2)N2

λ1(N, γ) ≡ 64− 60γ + 32γ2 − γ3 + γ(22− 27γ + γ2)N

When γ = 0, the derivative is strictly positive and independent of k: dW (k,{k,N−k})
dk

= 7
72
> 0.

The optimal size of the large bloc is thus koptcc = N . When 0 < γ ≤ γN
2

, λ0(N, γ) > 0 and

λ1(N, γ) > 0 and from setting (19) equal to zero we have

koptcc (N, γ) =
λ0(N, γ)

2γλ1(N, γ)
(20)

In the online Appendix we study in detail the properties of koptcc (N, γ). We show that for any

N and γ > 0, koptcc (N, γ) ≥ 17
22
N . Hence, if the size of the large bloc is koptcc , we know that the

size of the small bloc is smaller than 5
22
N < k∗∗(N, 1) and so the small bloc is necessarily

constrained by Article XXIV.

Furthermore, we show that ∆k ≡ k∗∗ − koptcc is a continuous, monotonically decreasing

function of γ for γ ∈ (0, γN
2

]. For N ≥ 1, we have ∆k(N,
466
1000

) > 0, and for N ≥ 5, we have

∆k(N,
476
1000

) < 0. So by the intermediate value theorem, we know that there exists a unique

γ̂(N) ∈
(

466
1000

, 476
1000

)
such that ∆k[N, γ̂(N)] = 0. Hence for γ ≤ γ̂(N) we have koptcc ≤ k∗∗ and

for γ > γ̂(N) we have koptcc > k∗∗. Therefore for γ ≤ γ̂(N) both CUs are well constrained by

Article XXIV and koptcc is the relevant solution for the equilibrium size of the large CU on
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this interval.

2) Only the small bloc is constrained by Article XXIV (UC): Again making use of

(6), (7) and (8), but now with the large bloc imposing τc(k) = τ(k) ≤ τ(1) and the small

bloc imposing τc(N − k) = τ(1), we can calculate the first derivative of the welfare function

of the large bloc with respect to its size. The optimal size of the large CU koptuc is given by

setting the derivative equal to zero which yields a sixth-degree polynomial equation in k.

It is hard to find a closed-form solution of this equation, we can however provide a lower

bound for koptuc by showing that, for γ > γ̂(N), the derivative of welfare is strictly positive

for k ∈ [N − k∗∗,max( 78
100
N, k∗∗)]. We thus have koptuc ≥ max( 78

100
N, k∗∗). Hence we know

that, for γ > γ̂(N), the small CU must be smaller than 22
100
N and, as 22

100
N < k∗∗(N, 1), the

small union is constrained by Article XXIV. As, koptuc ≥ k∗∗, the large CU is not constrained.

3) No bloc is constrained by Article XXIV (UU): As a final check, we show that this

assumption leads to a contradiction. Making use of (6), (7) and (8), but now with the large

bloc imposing τc(k) = τ(k) and the small bloc imposing τc(N − k) = τ(N − k), we again

calculate the first derivative of the welfare function of the large bloc with respect to its size.

The optimal size of the large CU koptuu is again given by setting this derivative equal to zero

which yields an eighth-degree polynomial equation in k. By showing that the derivative of

welfare is strictly positive for k ∈ [N
2
, 88

100
N ], we provide a lower bound for koptuu : koptuu ≥ 88

100
N .

If the large CU is larger than 88
100
N , then the small CU must be smaller than 12

100
N . As

12
100
N < k∗∗(N, 1), this leads to a contradiction: a union smaller than k∗∗(N, 1) is necessarily

constrained by Article XXIV. Therefore, in a two-bloc equilibrium, the small bloc is always

constrained by Article XXIV.

Proof of Proposition 5. We assume that the equilibrium CU structure consists of at most

two blocs: a bloc of size k which forms first and a bloc of size N − k. From Lemma 7 we

know that the two blocs will necessarily be asymmetric with the larger bloc forming first

and so we have k > N − k. The aim of this proof is to determine how does the presence of

the Article XXIV constraint affect the large CU’s choice of its size.

1. Article XXIV binding on the large CU → more asymmetry: the goal here is

to determine how a change in the CET of the large CU affects the large CU’s willingness

to accept more or less members, i.e. we want to determine the sign of ∂
∂τL

∂WL(k)
∂k

∣∣∣
τL=τ(1),koptcc

where τL is the external tariff imposed by the large union and WL is the welfare of a member

country of the large union. We are interested in the sign of this second derivative at the

point where the large union is bound by Article XXIV τL = τ(1) (because we want to see

the local impact of removing Article XXIV and raising τL) and where the large union has

chosen its size optimally koptcc (case where both unions are constrained by Article XXIV).
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Making use of (6), (7) and (8), we have

∂2WL(k)

∂k∂τL
=

1

Γ(0)2Γ(N)2

{
6γτLk

2

+
{
τL
[
2γΓ(0)Γ(N)− 6γ2N + 4γΓ(0)

]
− 4γΓ(0)

}
k (21)

+ τL
{

Γ(0)Γ(N) [Γ(0)− γN ] + γ2N2 + Γ(0)2 − 2γΓ(0)N
}

+ Γ(0) [Γ(2N)− 2Γ(0)]

}

As we show in the online Appendix, evaluating (21) at τL = τ(1) and k = koptcc given by (20)

yields ∂
∂τL

∂WL(k)
∂k

∣∣∣
τL=τ(1),k=koptcc

≤ 0 for γ ∈ [0, γ̂(N)]. So, when Article XXIV is binding on

the big bloc, if it could raise its tariff, it would want to accept fewer members.

2. Article XXIV binding on the small CU → more symmetry: the goal here is to

determine how a change in the CET of the small CU affects the large CU’s willingness to

accept more or less members, i.e. we want to determine the sign of ∂
∂τS

∂WL(k)
∂k

∣∣∣
τS=τ(1),k=kopt

where τS is the external tariff imposed by the small union and WL is the welfare of a member

country of the large union. Again, we are interested in the sign of this second derivative at

the point where the small union is constrained by Article XXIV τS = τ(1) and where the

large union has chosen its size optimally. Hence, when the large union is also constrained

by Article XXIV (γ ≤ γ̂(N)), we want to evaluate the second derivative at k = koptcc , and,

when the large union is not constrained by Article XXIV (γ > γ̂(N)), we want to evaluate

the second derivative at k = koptuc . Making use of (6), (7) and (8)

∂

∂k

∂WL(k)

∂τS
=

2

Γ(0)2Γ(N)2
{Γ(0)Γ[2(N − k)]− τSΓ(N − k)Γ[3(N − k)]} (22)

As we show in the online Appendix, evaluating (22) at τS = τ(1) and k = koptcc given by (20)

yields ∂
∂τS

∂WL(k)
∂k

∣∣∣
τS=τ(1),k=koptcc

≥ 0 for γ ∈ [0, γ̂(N)]. For γ > γ̂(N), we do not have the exact

expression for koptuc , however, from the proof of Proposition 4, we know that koptuc ≥ 78
100
N .

We show that ∂
∂τS

∂WL(k)
∂k

∣∣∣
τS=τ(1)

≥ 0 for any k ∈ [ 78
100
N,N ].

Proof of Proposition 6. As explained in the the proof of Proposition 4, for γ > γ̂(N), it

is difficult to find a closed-form for the optimum size of the large CU both with and without

Article XXIV. However, by studying the variations of the derivative of welfare of the large

CU with respect to its size (see the online Appendix), we are able to determine an upper

bound for the size of the large CU with Article XXIV: koptuc < 8
9
N for N ≥ 9; and a lower

bound for the size of the large CU without Article XXIV: koptuu >
8
9
N + 1 for N ≥ 139. This

shows that, for N ≥ 139 and γ > γ̂(N), the CU structure with Article XXIV is strictly

more symmetric.
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Abstract

This online Appendix includes various proofs and details that were left out of our

manuscript “Is the GATT/WTO’s Article XXIV Bad?” due to space constraints.

For all the derivations, unless otherwise stated, we assume that the parameters of the

model lie within the relevant ranges for the analysis, namely γ ∈ [0, 1], N > 1 and k ∈ [1, N ].

A Properties of k∗ and k∗∗

To get an idea for which range of parameters the Article XXIV constraint binds, namely

where k∗∗ > 1, it is useful to study the variations of k∗ and k∗∗ with γ and N . It is immediate

to see that both k∗ and k∗∗ are increasing functions of N . The following shows that they

are decreasing functions of γ:

∂k∗(N, γ)

∂γ
=

Φk∗(N, γ)

4γ2
√

Γ(0) [Γ(0) + 1] Γ(N)

with Φk∗(N, γ) ≡ 4
√

Γ(0) [Γ(0) + 1] Γ(N) + γ3(N − 1) + 2γ(8− 3N)− 24. The denominator

being strictly positive, the derivative of k∗ is of the same sign as its numerator Φk∗ . Further-

more, ∂Φk∗
∂N

(N, γ) = γ
(
−6 + γ2 + 2

√
Γ(0)[Γ(0)+1]

Γ(N)

)
which is strictly negative for 0 ≤ γ ≤ 1 and
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N ≥ 1. So Φk∗ is a decreasing function of N and Φk∗(1, γ) = 4
√

2(2− γ)(3− γ)+10γ−24 <

4
√

12+10−24 < 0 and so Φk∗ is always negative and k∗ is a monotonically decreasing func-

tion of γ. When γ = 0, k∗ is infinite, when γ = 1, k∗ =

√
2(N+1)−1

2
> 0. So k∗ > 1 for any γ

and N ≥ 4. Furthermore
∂k∗∗(N, γ)

∂γ
=

Φk∗∗(N, γ)

2γ2Γ(2)2

with Φk∗∗(N, γ) ≡ −16− 16γ − 16(N − 2)γ2 + 4(N − 1)γ3 + (N − 1)γ4. The denominator

being strictly positive, the derivative of k∗∗ is of the same sign as its numerator Φk∗∗ . Note

that

Φk∗∗(N, γ) ≤ − 16− 16γ − 16(N − 2)γ2 + 4(N − 1)γ2 + (N − 1)γ2

≤ −
[
16 + 16γ + (11N − 27)γ2

]
≤ −16

[
1 + γ − γ2

]
< 0

and so k∗∗ is a decreasing function of γ. When γ = 0, k∗∗ is infinite, when γ = 1, k∗∗ =
2N−1

6
> 0. So k∗∗ > 1 for any γ and N ≥ 4, k∗∗ > 2 for any γ and N ≥ 7.

B Proofs from Section 3

Proof of Lemma 3. We want to prove that formation or expansion of CUs under the

Article XXIV constraint increases the aggregate welfare of member countries. To do so, we

suppose that CUs of size k, l, m, . . . , and size r merge and we show that the aggregate

welfare of the countries involved in the merger increases. Without loss of generality, we

consider the merger of a size−k CU and a size−s CU where s = l +m+ . . .+ r.

The proof consists of three steps: First, to prove the case where the Article XXIV

constraint does not bind on the CUs involved in the merger, we invoke the proof of Yi’s

(1996) Proposition 3; the case shown in Figure 1(a). Note that it is valid to consider a group

of CUs for whom the Article XXIV constraint does not bind even though it might bind on

other CUs not involved in the merger. Second, we prove the proposition for CUs on which

the Article XXIV constraint is binding as shown in Figure 1(b). Finally, we will show how

the first two sub-cases generalize for any CU merger.

Step 1: merger of CUs that are not constrained by Article XXIV - see Yi (1996),

Appendix B, pages 172–175

Step 2: merger of CUs that are constrained by Article XXIV

Here we consider the merger of size−k and size−s CUs such that the Article XXIV constraint

is binding for both the two individual CUs and for the resulting size−(k+ s) CU. The proof

proceeds similarly to Yi’s case of unconstrained CUs. The goal of the proof is to show

the following claim: Suppose that country i has free trade with k − 1 countries and levies

equal tariffs τc(k) = τ(1) on N − k countries. If country i abolishes tariffs on s countries,

2



τc(l)

l

k s (k + s)? ? ?

(a) Article XXIV neither binding before nor after

τc(l)

l

k s (k + s)
? ? ?

(b) Article XXIV both binding before and after

Figure 1: Two different merger situations: external tariffs of original and resulting CUs.

s ≤ N − k, and levies τc(k + s) = τ(1) on the remaining N − k − s countries, then the

aggregate welfare of k + s countries (which consist of country i, k − 1 countries which pay

no tariffs, and s countries whose tariffs are eliminated) improves.

Without loss of generality, take country 1 and suppose that it levies no tariffs on countries

2, . . . , k, and τc(k) = τ(1) on countries k+1, . . . , N . We are interested in the following com-

parative statics exercise: what is the effect on the aggregate welfare of countries 1, . . . , k+s of

abolishing tariffs on countries k+1, . . . , k+s and keeping tariffs on countries k+s+1, . . . , N

at τc(k + s) = τ(1) = τc(k)?

Using the same notation as Yi (1996), consider a tariff vector

t ≡ (0, . . . , 0, τ, . . . , τ, τ ′, . . . , τ ′) (B.1)

where τ appears from the (k + 1)th column to the (k + s)th column and τ ′ from the (k +

s + 1)th column to the last column. Consider the following two tariff vectors: tc(k +

s) ≡ [0, . . . , 0, τc(k + s), . . . , τc(k + s)] with 0 in the first (k + s) columns and tc(k) ≡
[0, . . . , 0, τc(k), . . . , τc(k)] with 0 from the first to the kth column (where τc(k+ s) = τc(k) =

τ(1)). We can move from tc(k + s) to tc(k) by integrating from 0 to τc(k) the infinitesimal

changes from the tariff vector defined by (B.1) dt ≡ (0, . . . , 0, dτ, . . . , dτ, dτ ′, . . . , dτ ′) with

dτ ′ = 0: tc(k) = tc(k + s) +
∫ τc(k)

0
dt.

To prove our claim, similarly as Yi (1996), we show that d(
k+s∑
j=1

W j)/dt < 0 for all

t along such a path of integration. To do so, we first show that d(
k+s∑
j=1

W j)/dt < 0 for

tc(k+s) = [0, . . . , 0, τc(k + s), . . . , τc(k + s)]. And second, we show that d2(
k+s∑
j=1

W j)/dt2 < 0.

Step 2a: Since changes in country 1’s tariffs do not affect sales in other countries, d(
k+s∑
j=1

W j)/dt =

3



d(Ŵ 1 +
k+s∑
j=2

π1j)/dt, where Ŵ 1 is country 1’s welfare net of its export profits. Since

Ŵ 1 +
N∑
j=2

π1j = v(q1) − cQ1, which is the net total benefit from consumption of q1,

Ŵ 1 +
k+s∑
j=2

π1j = v(q1)− cQ1 −
N∑

j=k+s+1

π1j. To save on notation, we can drop superscript 1.

The total tariff T at the tariff vector t is T =
N∑
j=1

τj = sτ + (N − k − s)τ ′ and dT =

sdτ + (N − k − s)dτ ′ = sdτ . From the first-order-condition of firms’ profit maximization,

pj − c = qj + τj. Then
N∑
j=1

[pj − c] = Q + T . At t, q1 = . . . = qk, qk+1 = . . . = qk+s and

qk+s+1 = . . . = qN . From (2), dqj =
γdT−Γ(N)dτj

Γ(0)Γ(N)
. Thus,

dq1

dt
=

γs

Γ(0)Γ(N)
,
dqk+1

dt
=
γs− Γ(N)

Γ(0)Γ(N)
and

dqN
dt

=
γs

Γ(0)Γ(N)

Using these results,

d

dt

(
Ŵ +

k+s∑
j=2

πj

)
=

d

dt
[v(q)− cQ]− d

dt

N∑
j=k+s+1

πj =
N∑
j=1

[pj − c]
dqj
dt
−

N∑
j=k+s+1

2qj
dqj
dt

=
sΩ

Γ(0)Γ(N)

where Ω ≡ γ(Q + T ) − Γ(N) [qk+1 + τ ] − 2(N − k − s)γqN . At tc(k + s), Ω = −Γ(0)q1 −
(N − k − s)γ [q1 + qN − τc(k + s)], and

q1 + qN − τc(k + s) =
1

Γ(0)Γ(N)
{2Γ(0)− [Γ(N) [Γ(0) + 1]− 2(N − k − s)γ] τc(k + s)}

=
1

D(1)Γ(N)

12− 12γ + 9γ2 − γ3 + γ(6− 5γ + γ2)N︸ ︷︷ ︸
≥0

−2γ(2 + γ)(k + s)


The expression in the square bracket is a linear, decreasing function of k + s. As we are

assuming that Article XXIV binds, we must have k + s ≤ k∗∗. Hence

q1 + qN − τc(k + s) ≥ 1

D(1)Γ(N)

[
12− 12γ + 9γ2 − γ3 + γ(6− 5γ + γ2)N − 2γ(2 + γ)k∗∗

]
=

(2 + γ)2

D(1)Γ(N)
> 0

4



Step 2b: Again following Yi (1996), we have

d2

dt2

(
Ŵ +

k+s∑
j=2

πj

)
= − s

Γ(0)2Γ(N)2
{(1− γ)Γ(N)Γ(N − s) + sγ [Γ(0) + 2(N − k − s)γ]} < 0

Step 3: generalization

So far we have proved the proposition in two different situations: first, when the Article

XXIV constraint is not binding (neither for the initial CUs nor for the after-merger CU);

second when the Article XXIV constraint is binding in both cases. We now have to show

that the result still holds when the Article XXIV constraint is binding for (at least one

of) the initial CUs but not for after-merger CU. (It is easy to deduce from Figures 3a

and b that the converse cannot occur). This step is an easy comparative statics exercise.

Consider the tariffs of the CUs not involved in the merger as given (could be constrained or

unconstrained). The subscript u denotes an unconstrained CU and the subscript c denotes

a constrained CU. By Yi’s proof, we have (k+ s)Wu(k+ s) ≥ kWu(k) + sWu(s). Now given

the tariffs of the CUs not involved in this merger, the CUs of size-k and size-s involved

in this merger are better off when unconstrained compared to the constrained situation

kWu(k)+sWu(s) ≥ kWc(k)+sWc(s). So, we have (k+s)Wu(k+s) ≥ kWc(k)+sWc(s).

C Proofs from Section 4

Proof of Proposition 3. The goal here is to determine the impact on world welfare of

an expansion of a CU. Assume that C = {k1, k2, . . . , km} is the CU structure. Without

loss of generality, assume that the first CU (of size k1) is expanding by accepting members

from the last CU (of size km). We want to see the impact of an increase in the asymmetry

between these two CUs, so we assume k1 ≥ km. The large CU is imposing a CET τ1, the

small CU is imposing τm. The actual sub-structure {k2, . . . , km−1}, which stays constant,

will be irrelevant for the changes in world welfare and the only thing that will matter will

be the sum of the sizes of the other unions so let’s define k̃ ≡ k2 + . . . + km−1. We can

then re-express the size of the last CU km = N − k̃ − k1. We want to determine the sign of
dWW (k1,k2,...,N−k̃−k1)

dk1
. The total derivative can be decomposed as follows

dWW

dk1

=
∂WW

∂k1

∣∣∣∣
(τ1,τm)

+
∂WW

∂τ1︸ ︷︷ ︸
≤0

∂τ1

∂k1︸︷︷︸
≤0

+
∂WW

∂τm

∂τm
∂k1︸︷︷︸
=0

(C.1)

We assume that Article XXIV binds at least on the small union involved in the transfor-

mation, and so we have τm = τc(N − k̃ − k1) = τ(1) and hence ∂τm
∂k1

= 0. Therefore the last

term in (C.1) is zero. (Note that it is irrelevant whether Article XXIV binds or not on the

CUs not involved in the change considered.) Furthermore, with Article XXIV in place, we
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know that τ1 = τc(k1) is a non-increasing function of k1 and so we have ∂τ1
∂k1
≤ 0. From the

proof of Proposition 2 above we also have ∂WW

∂τ1
≤ 0. The remainder of this proof shows that

∂WW

∂k1

∣∣∣
(τ1,τm)

≥ 0 when k1 + km ≥ 2
3
N .

From (9) we have

WW = k1NS(k1) + (N − k̃ − k1)NS(N − k̃ − k1) +
m−1∑
i=2

kiNS(ki) (C.2)

Using (6), (7) and (8) we have

NS(ki) =
1

2Γ(0)2Γ(N)2
{NΓ(0)2 [Γ(N) + 1]− 2Γ(0)2(N − ki)τi

+ (N − ki)
[
D(ki)− 2Γ(ki)

2
]
τ 2
i }

(C.3)

Substituting (C.3) into (C.2) yields

WW =
1

2Γ(0)2Γ(N)2
{ (N − k̃)NΓ(0)2 [Γ(N) + 1]

−2Γ(0)2
[
k1(N − k1)τ1 + (N − k̃ − k1)(k̃ + k1)τm

]
+k1(N − k1)

[
D(k1)− 2Γ(k1)2

]
τ 2

1

+(N − k̃ − k1)(k̃ + k1)
[
D(N − k̃ − k1)− 2Γ(N − k̃ − k1)2

]
τ 2
m

}
+

m−1∑
i=2

kiNS(ki)

Differentiating with respect to k1 yields

∂WW

∂k1

∣∣∣∣
(τ1,τm)

=
1

2Γ(0)2Γ(N)2
{2Γ(0)2

[
(2k1 −N)τ1 + k̃τm + (2k1 + k̃ −N)τm

]
+α(k1, N, γ)τ 2

1 + β(k̃ + k1, N, γ)τ 2
m

} (C.4)

where

α(k,N, γ) ≡ − 3γ2 [Γ(N)−N ] k2

+ 2
[
−γ2(1− γ)N2 + 2γΓ(0)N + Γ(0)2(1− γ)

]
k

− Γ(0)2(1− γ + γN)N

β(k,N, γ) ≡ 3γ2 [Γ(N)−N ] k2

+ 2
[
2γ2(1− γ)N2 + γΓ(0)(2− 3γ)N + Γ(0)2(1− γ)

]
k

− (1− γ)Γ(N)2N

6



Recall from the study of the Article XXIV constraint that Article XXIV can either bind on

both the small and the large union (τ1 = τm = τ(1)) or it can bind on the small union only

(τm = τ(1) and τ1 = τ(k1) ≤ τ(1)). Article XXIV can never bind on the large union and

not bind on the small union. To sign (C.4) we thus need to distinguish two cases:

1) Article XXIV binds on both the small and the large CUs (τ1 = τm = τ (1)):

When both unions are constrained, equation (C.4) simplifies to

∂WW

∂k1

∣∣∣∣
(τ1,τm)

=
(k1 − km)τ(1)

2Γ(0)2Γ(N)2

{
4Γ(0)2 +

[
Γ(0)2(1− γ + γN) + (1− γ)Γ(N)2

]
τ(1)

− k̃3γ2 [N − Γ(N)] τ(1)
} (C.5)

The first line of (C.5) is positive. The second line can be either positive or negative depending

on the parameters γ and N :

N − Γ(N) ≤ 0⇔ γ ≥ γ̄(N) ≡ N − 2

N − 1
(C.6)

Hence ∂WW

∂k1

∣∣∣
(τ1,τm)

is unambiguously positive for γ ≥ γ̄(N). For γ = 0, the expression of

the derivative (C.5) further simplifies and it is also unambiguously positive: ∂WW

∂k1

∣∣∣
(τ1,τm)

=

(k1−km)τ(1)
4

[2 + τ(1)] ≥ 0.

For 0 < γ < γ̄(N), the second line of (C.5) is negative. The whole expression ∂WW

∂k1

∣∣∣
(τ1,τm)

is positive provided that k̃ is sufficiently small. In other words, the two CUs involved in

the change considered have to represent a sufficient proportion of countries in the world: we

have to have k1 + km = N − k̃ ≥ k̄c ≡ max(0, k̂c) where

k̂c ≡ N − 4Γ(0)2 + [Γ(0)2(1− γ + γN) + (1− γ)Γ(N)2] τ(1)

3γ2 [N − Γ(N)] τ(1)

=
2 {(1− γ)γ2τ(1)N2 − 2Γ(0)γτ(1)N − Γ(0)2 [2 + (1− γ)τ(1)]}

3 [(1− γ)γ2τ(1)N − Γ(0)γ2τ(1)]

What can we say of k̄c? The denominator of k̂c is strictly positive on the range considered

(0 < γ < γ̄(N)). When the numerator of k̂c is negative, k̄c = 0, and the derivative of welfare

is positive for any value of k̃ up to N (the minimum size of the two CUs is zero). When the

numerator of k̂c is strictly positive, k̄c > 0. Furthermore, as −Γ(0)γ2τ(1) ≥ −2Γ(0)γτ(1),

we have

k̂c ≤
2 [(1− γ)γ2τ(1)N − 2Γ(0)γτ(1)]N

3 [(1− γ)γ2τ(1)N − 2Γ(0)γτ(1)]
=

2

3
N

Hence 0 ≤ k̄c ≤ 2
3
N .
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2) Article XXIV binds on the small union only (τ1 = τ (k1) ≤ τ (1) = τm):

With τm ≥ τ1, we have that

(2k1 −N)τ1 + k̃τm + (2k1 + k̃ −N)τm ≥ (2k1 −N)τ1 + k̃τ1 + (2k1 + k̃ −N)τm

= (k1 − km)(τ1 + τm) ≥ 0

And so the first line of (C.4) is unambiguously positive. We now need to sign the expressions

α and β. Before we proceed to do so, it is useful to recall certain conditions that have to be

satisfied when Article XXIV binds on the small union, but not on the large. First, we must

necessarily have γ > γN∞ = 7−
√

41
2

. Furthermore, for the large union not to be constrained,

we must have k1 ≥ k∗∗ ⇒ k̃ + k1 ≥ k∗∗. On the other hand, for the small union to be

constrained, we must have km = N − k̃− k1 ≤ k∗∗ ⇔ k̃+ k1 ≥ N − k∗∗. Which of these two

conditions binds depends on γ. From the study of k∗∗ we know that:

• For γ ≤ γN
2

= 3−
√

5, k∗∗ ≥ N − k∗∗, and so we have to have k̃+ k1 ≥ k∗∗ ≥ N − k∗∗.

• For γ > γN
2

= 3−
√

5, k∗∗ < N − k∗∗, and so we have to have k̃+ k1 ≥ N − k∗∗ > k∗∗.

We now proceed to sign α and β:

2.1) We show that β(k,N, γ) ≥ 0 for any N ≥ 6, γ ∈ [γN∞, 1] and

k ≥ max(k∗∗, N − k∗∗): β(k,N, γ) is a second degree polynomial in k. To sign it we

differentiate successively with respect to k.

∂2β(k,N, γ)

∂k2
= 6γ2 [Γ(N)−N ]

From (C.6) we know that this second derivative can be either positive or negative depending

on the parameters N and γ. We thus need to distinguish two sub-cases:

2.1.1) For γ > γ̄(N): ∂2β(k,N,γ)
∂k2

> 0 and so ∂β(k,N,γ)
∂k

is an increasing function of k. To sign

this first derivative, we evaluate it at the lower bound of our interval of interest. Assuming

N ≥ 6, we have γ̄(N) > γN
2

. We are thus interested in k = k̃ + k1 ≥ N − k∗∗.

∂

∂k
β(N − k∗∗, N, γ) =

1

2 + γ

(1− γ)2γ2(14− 3γ)︸ ︷︷ ︸
≥0 for γ∈[0,1]

N2 + 2γΓ(0)(10− 22γ + 18γ2 − 3γ3)︸ ︷︷ ︸
≥0 for γ∈[0,1]

N

+ Γ(0)2(4− 14γ + 16γ2 − 3γ3)︸ ︷︷ ︸
≥0 for γ∈[0,1]

 ≥ 0 (C.7)

and so ∂β(k,N,γ)
∂k

is positive for any k ≥ N − k∗∗.1 Hence β is an increasing function of k for

1This proof and many of the following proofs require us to sign various polynomial functions of γ like
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k ≥ N − k∗∗. Again, to sign β, we evaluate it at the lower bound k = N − k∗∗:

β(N − k∗∗, N, γ) =
Γ(0)

4γ(2 + γ)2
gβ(N, γ)

with

gβ(N, γ) ≡ + γ3(1− γ)(3− γ)(−10 + 19γ − 3γ2)N3

− γ2(1− γ)(176− 396γ + 328γ2 − 97γ3 + 9γ4)N2

+ γΓ(0)(4− 6γ + γ2)(−36 + 62γ − 47γ2 + 9γ3)N

+ Γ(0)2(4− 6γ + γ2)(−8 + 16γ − 14γ2 + 3γ3)

gβ(N, γ) is a third degree polynomial in N . To determine its sign we differentiate successively

with respect to N .
∂3gβ(N,γ)

∂N3 = 6γ3(1 − γ)(3 − γ)(−10 + 19γ − 3γ2) ≥ 0 for γ ≥ γN
2

so
∂2gβ(N,γ)

∂N2 is an increasing function of N . As ∂2

∂N2 gβ(6, γ) = 2γ2(1 − γ)(−176 − 144γ +

878γ2 − 407γ3 + 45γ4) ≥ 0 for γ ≥ γN
2

,
∂2gβ(N,γ)

∂N2 is positive for any N ≥ 6 and
∂gβ(N,γ)

∂N

is an increasing function of N for N ≥ 6. Furthermore,
∂gβ(6,γ)

∂N
= γ(−288 − 1040γ +

1968γ2 + 3144γ3 − 5742γ4 + 2195γ5 − 225γ6) ≥ 0 for γ ≥ γN
2

and so the first derivative

is positive for any N ≥ 6 and gβ(N, γ) is an increasing function of N . Finally, gβ(6, γ) =

−128− 1152γ − 1024γ2 + 5376γ3 + 2288γ4 − 8460γ5 + 3550γ6 − 375γ7 ≥ 0 for γ ≥ γN
2

and

so gβ(N, γ) is positive for any N ≥ 6 and γ ≥ γN
2

. Thus we have that β(N − k∗∗, N, γ) ≥ 0

and so β(k,N, γ) is positive for any k ≥ N − k∗∗, N ≥ 6 and γ > γ̄(N).

2.1.2) For γ ≤ γ̄(N): ∂2β(k,N,γ)
∂k2

≤ 0 and so ∂β(k,N,γ)
∂k

is a decreasing function of k. We

need to distinguish two further sub-cases:

2.1.2.1) γN
2
≤ γ ≤ γ̄(N): We know from (C.7) that ∂

∂k
β(N − k∗∗, N, γ) is positive. On

the other hand ∂
∂k
β(N,N, γ) can be either positive or negative for γ ≤ γ̄(N). Therefore,

β(k,N, γ) is either an increasing function of k or it is initially an increasing and then

decreasing function of k. In either of these two cases, if we show that β(k,N, γ) is positive

on the bounds of the interval [N − k∗∗, N ], we will know that it is positive for any k in this

interval. From the above, we know already that at the lower bound β(N −k∗∗, N, γ) ≥ 0 for

γ ≥ γN
2

. Furthermore, we have at the upper bound β(N,N, γ) = Γ(0)2N(1− γ + γN) ≥ 0.

And so β(k,N, γ) is positive for any k ≥ N − k∗∗, N ≥ 6 and γ ≥ γN
2

.

2.1.2.2) γ < γN
2
≤ γ̄(N): When γN

2
≤ γ̄(N), we have k∗∗ ≥ N −k∗∗ and we are therefore

interested in signing β for k ∈ [k∗∗, N ]. From (C.7) we know that ∂
∂k
β(N − k∗∗, N, γ)

is positive and as we already mentioned ∂
∂k
β(N,N, γ) can be either positive or negative

for γ ≤ γ̄(N). As ∂β(k,N,γ)
∂k

is a decreasing function of k, we have ∂
∂k
β(N − k∗∗, N, γ) ≥

4 − 14γ + 16γ2 − 3γ3 above. All these functions are continuous and differentiable. They are function of
a single variable γ taking values in a bounded interval [0, 1] or parts of this interval. The sign of these
functions can be determined by successive differentiation with respect to γ. For the sake of space, we will
not present these detailed differentiations.
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∂
∂k
β(k∗∗, N, γ). If ∂

∂k
β(k∗∗, N, γ) ≤ 0 then we necessarily have ∂

∂k
β(N,N, γ) ≤ 0 and the first

derivative is negative on the whole range of interest. In this case, β(k,N, γ) is a decreasing

function of k on [k∗∗, N ]. If ∂
∂k
β(k∗∗, N, γ) ≥ 0, we can still have ∂

∂k
β(N,N, γ) of either sign

in which case β(k,N, γ) is either monotonically increasing or initially increasing and then

decreasing in [k∗∗, N ]. In any of these three cases, if we show that β(k,N, γ) is positive on

the bounds of the interval [k∗∗, N ], we will know that it is positive for any k in this interval.

We already know that β(N,N, γ) ≥ 0. We now need to sign β(k∗∗, N, γ).

β(k∗∗, N, γ) =
1

4γ(2 + γ)2
fβ(N, γ)

with

fβ(N, γ) ≡ − γ3(1− γ)2(14− 3γ)(2− 7γ + γ2)N3

+ γ2Γ(0)(−16 + 284γ − 676γ2 + 509γ3 − 122γ4 + 9γ5)N2

+ γ(1− γ)Γ(0)2(4− 6γ + γ2)(12 + 58γ − 9γ2)N

+ Γ(0)3(4− 6γ + γ2)(8 + 8γ − 22γ2 + 3γ3)

fβ(N, γ) is a third degree polynomial on N . To determine its sign we differentiate succes-

sively with respect to N .
∂3fβ(N,γ)

∂N3 = −6γ3(1− γ)2(14− 3γ)(2− 7γ + γ2) ≥ 0 for γ ≥ γN∞

so
∂2fβ(N,γ)

∂N2 is an increasing function of N . As ∂2

∂N2fβ(6, γ) = 2γ2(−32 + 80γ + 1244γ2 −
3184γ3 + 2433γ4 − 598γ5 + 45γ6) ≥ 0 for γ ∈ [γN∞, γN

2
],

∂2fβ(N,γ)

∂N2 is positive for any N ≥ 6

and
∂fβ(N,γ)

∂N
is an increasing function of N for N ≥ 6. Furthermore,

∂fβ(6,γ)

∂N
= γ(192−128γ+

1456γ2 + 1824γ3 − 11892γ4 + 11084γ5 − 2905γ6 + 225γ7) ≥ 0 for γ ∈ [γN∞, γN
2

] and so the

first derivative is positive for any N ≥ 6 and fβ(N, γ) is an increasing function of N . Finally,

fβ(6, γ) = 256+640γ−256γ2+2432γ3−2176γ4−13720γ5+16720γ6−4700γ7+375γ8 ≥ 0 for

γ ∈ [γN∞, γN
2

] and so fβ(N, γ) is positive for any N ≥ 6 and γ ∈ [γN∞, γN
2

]. Thus we have

that β(k∗∗, N, γ) ≥ 0 and so β(k,N, γ) is positive for any k ≥ k∗∗, N ≥ 6 and γ ∈ [γN∞, γN
2

].

Hence we have shown that β(k,N, γ) is positive for N ≥ 6, γ ∈ [γN∞, 1] and k ≥
max(k∗∗, N −k∗∗) which covers the entire relevant range where the Article XXIV constraint

might bind on the small union, but not on the large union.

2.2) α(k,N, γ): Similar derivations as for β(k,N, γ) show that α(k,N, γ) can be either

positive or negative depending on the parameters. We can therefore distinguish two cases:

2.2.1) When α(k,N, γ) ≥ 0: We can immediately conclude that ∂WW

∂k1

∣∣∣
(τ1,τm)

is positive.

2.2.1) When α(k,N, γ) < 0: We can note that

α(k1, N, γ)τ 2
1 + β(k̃ + k1, N, γ)τ 2

m ≥
[
α(k1, N, γ) + β(k̃ + k1, N, γ)

]
τ 2
m
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and

∂WW

∂k1

∣∣∣∣
(τ1,τm)

≥ (k1 − km)

2Γ(0)2Γ(N)2

{
2Γ(0)2(τ1 + τm) +

[
Γ(0)2(1− γ + γN) + (1− γ)Γ(N)2

]
τ 2
m

− k̃3γ2 [N − Γ(N)] τ 2
m

}
(C.8)

As in (C.5) in the constrained case 1), the first line of (C.8) is positive. The second line

can be either positive or negative depending on the parameters γ and N . The second line

is positive for γ > γ̄(N) and for γ = 0, and thus the partial derivative of welfare is positive

for these values. For 0 < γ < γ̄(N), the second line of (C.8) is negative. The whole

expression ∂WW

∂k1

∣∣∣
(τ1,τm)

is again positive provided that k̃ is sufficiently small. We have to

have k1 + km = N − k̃ ≥ k̄u ≡ max(0, k̂u) where

k̂u ≡ N − 2Γ(0)2(τ1 + τm) + [Γ(0)2(1− γ + γN) + (1− γ)Γ(N)2] τ 2
m

3γ2 [N − Γ(N)] τ 2
m

=
2 {(1− γ)γ2τ 2

mN
2 − 2Γ(0)γτ 2

mN − Γ(0)2 [τ1 + τm + (1− γ)τ 2
m]}

3 [(1− γ)γ2τ 2
mN − Γ(0)γ2τ 2

m]

And we have as in the constrained case 1)

k̂u ≤
2 [(1− γ)γ2τmN − 2Γ(0)γτm]N

3 [(1− γ)γ2τmN − 2Γ(0)γτm]
=

2

3
N

And so for k1 + km ≥ 2N
3

, we have unambiguously in both cases 1) and 2)

dWW

dk1

=
∂WW

∂k1

∣∣∣∣
(τ1,τm)︸ ︷︷ ︸

≥0

+
∂WW

∂τ1︸ ︷︷ ︸
≤0

∂τ1

∂k1︸︷︷︸
≤0︸ ︷︷ ︸

≥0

+
∂WW

∂τm

∂τm
∂k1︸︷︷︸
=0

≥ 0

D Proofs from Section 5

Proof of Lemma 7. 1. Smallest CU: The last union to form must be the smallest since,

by Lemma 5, the smallest CU entails the lowest level of welfare for its members. Note that

a symmetric CU structure is not an equilibrium outcome. This is also a simple consequence

of Lemma 5: if the last two CUs to form are of the same size, then they would be better off

by merging.

2. Second smallest CU: Again, the second smallest CU must be unique, because two

symmetric CUs would be better off by merging. Suppose that the second smallest CU has

less than k0 members. Then the members of this union would be better off by admitting

(at least) one more member.
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3. Number of equilibrium CUs: The second smallest CU which is the second-to-last to

form has at least k0 members and all the CUs that form before have strictly more members

than this CU. Thus there cannot be more than I(N
k0

) CUs in equilibrium where I(N
k0

) is the

next highest integer to N
k0

. The goal of this proof is to determine a lower bound for k0 in

order to get an upper bound for the number of equilibrium CUs.

Recall that k0 is the largest integer such that any size-k CU, k ≤ k0, becomes better off

by merging with a single-country CU, i.e. W (k, C)−W (k − 1, C ′) ≥ 0.

When γ = 0, for any k and N we have W (k, C) − W (k − 1, C ′) = 7
72
> 0 and k0 is

infinite. There will be only one CU of size N in equilibrium when γ = 0.

When, γ > 0, treating k as continuous, we want to solve for k0 such that

W (k, C)−W (k − 1, C ′) = 0

⇔ NS(k)−NS(k − 1)− (N − k)qO(k)2 + (N − k + 1)qO(k − 1)2 − qO(1)2 = 0 (D.1)

In order to solve for k0, we need to distinguish three cases:

a) k0 is such that a CU of size k0 is constrained by Article XXIV

If a size-k0 CU is constrained by Article XXIV then a size-(k0−1) must also be constrained by

Article XXIV. In this case, making use of (6), (7) and (8), together with τc(k) = τc(k−1) =

τ(1), (D.1) becomes
τ(1)

2Γ(0)2Γ(N)2
(ω2k

2 + ω1k + ω0) = 0 (D.2)

with

ω2 ≡ 6γ2τ(1) ≥ 0

ω1 ≡ − 2γ
{

4Γ(0) + τ(1)
[
(1 + γ)γN − 8 + 9γ − γ2

]}
≤ 0

ω0 ≡ 2Γ(0)Γ(2N + 4) + τ(1)
[
−(1− γ)γ2N2 − (1− γ)γ(4 + γ)N + Γ(0)(2− 11γ + 2γ2)

]
Substituting τ(1) into the ωi and solving (D.2), a second degree polynomial equation in k,

yields

k0 = fk0(N, γ)−
√
gk0(N, γ) (D.3)

where

fk0(N, γ) ≡ γ(3− γ)(6− γ)N + 32− 22γ + 19γ2 − γ3

6γ(2 + γ)

gk0(N, γ) ≡ θ2N
2 + θ1N + θ0

[6γ(2 + γ)]2

12



with

θ2 ≡ γ2(156− 276γ + 171γ2 − 24γ3 + γ4)

θ1 ≡ 2γ(240− 744γ + 632γ2 − 214γ3 + 25γ4 − γ5)

θ0 ≡ 352− 1696γ + 2084γ2 − 1068γ3 + 255γ4 − 26γ5 + γ6

The goal now is to show that k0 is a decreasing function of γ and so evaluating k0 at γ = 1

will give us a lower bound for k0 for any γ.

Lemma. For any N ≥ 6 and γ > 0, k0 is a decreasing function of γ.

Proof. We first look separately at fk0(N, γ) and gk0(N, γ). The first derivative of fk0(N, γ)

with respect to γ is negative.

dfk0
dγ

(N, γ) = −γ
2(36− 4γ − γ2)N + (2− γ)(32 + 48γ − 6γ2 − γ3)

6γ2(2 + γ)2
< 0

So fk0 is a decreasing function of γ. Furthermore,

dgk0
dγ

(N, γ) =
Φk0

18γ3(2 + γ)3

with

Φk0 ≡ φ2N
2 + φ1N + φ0

φ2 ≡ − γ3(12− 12γ + γ2)(36− 4γ − γ2) ≤ 0

φ1 ≡ − γ(2− γ)(240 + 480γ − 1136γ2 + 176γ3 + 13γ4 − 2γ5) Q 0

φ0 ≡ − (2− γ)(352− 320γ − 1432γ2 + 860γ3 − 92γ4 − 7γ5 + γ6) Q 0

The denominator of
dgk0
dγ

(N, γ) being positive, the derivative is of the same sign as its nu-

merator Φk0 . The numerator is a second degree polynomial in N with
d2Φk0
dN2 = 2φ2 ≤ 0 and

so the first derivative of Φk0 is a monotonically decreasing function of N with
dΦk0
dN

(4, γ) =

−γ(480 + 720γ + 704γ2 − 2352γ3 + 426γ4 + 47γ5 − 6γ6) ≤ 0. Hence, Φk0 is a decreasing

function of N for N ≥ 4. For N = 10, we have

Φk0(10, γ) = −(704 + 3808γ + 4656γ2 + 18832γ3 − 34164γ4 + 5778γ5 + 639γ6 − 81γ7) < 0

So for N ≥ 10,
dgk0
dγ

is negative. Let us now calculate the derivative of k0 with respect to γ

dk0

dγ
= f ′k0 −

g′k0
2
√
gk0

=
2
√
gk0f

′
k0
− g′k0

2
√
gk0

When g′k0 =
dgk0
dγ

is negative, we have 2
√
gk0f

′
k0

+ g′k0 < 0 and so dk0
dγ

will be of the opposite

13



sign of 4gk0f
′2
k0
− g′2k0 = (2

√
gk0f

′
k0
− g′k0)(2

√
gk0f

′
k0

+ g′k0). To finish the proof that k0 is a

decreasing function of γ we thus need to determine the sign of 4gk0f
′2
k0
− g′2k0 .

4gk0f
′2
k0
− g′2k0 =

Xk0

108γ6(2 + γ)4

where

Xk0 ≡ χ4N
4 + χ3N

3 + χ2N
2 + χ1N + χ0

χ4 ≡ γ6(36− 4γ − γ2)2 ≥ 0

χ3 ≡ 2γ4(36− 4γ − γ2)(352− 512γ + 204γ2 − 36γ3 + 5γ4)

χ2 ≡ γ2(34048 + 54272γ − 304256γ2 + 282496γ3 − 98880γ4 + 13504γ5 − 264γ6 − 168γ7 + 23γ8)

χ1 ≡ 4γ(2− γ)(13440− 12992γ − 66816γ2 + 78576γ3 − 29008γ4 + 3984γ5 − 78γ6 − 42γ7 + 5γ8)

χ0 ≡ 2(2− γ)3(4928− 11424γ − 24192γ2 + 16208γ3 − 2864γ4 + 116γ5 + 22γ6 − 3γ7)

The denominator being positive, the expression is of the sign as its numerator Xk0 which

is a fourth degree polynomial in N . To sign this polynomial we differentiate it successively

with respect to N .
d4Xk0
dN4 = 24χ4 ≥ 0 and so the third derivative of Xk0 is an increasing

function of N .
d3Xk0
dN3 (6, γ) = 2γ4(36− 4γ − γ2)(352− 512γ + 636γ2 − 84γ3 − 7γ4) ≥ 0 and

so the third derivative is positive for any N ≥ 6 and the second derivative is increasing

with N .
d2Xk0
dN2 (6, γ) = 2γ2(34048 + 54272γ+ 151936γ2− 431744γ3 + 506496γ4− 106304γ5−

8040γ6 + 2136γ7 + 59γ8) ≥ 0 and so the second derivative is positive for any N ≥ 6 and

the first derivative is increasing with N .
dXk0
dN

(6, γ) = 8γ(13440 + 31360γ + 21088γ2 −
2256γ3 − 180232γ4 + 254216γ5 − 56118γ6 − 3207γ7 + 1070γ8 + 5γ9) ≥ 0 and so the first

derivative is positive for N ≥ 6 and Xk0 is an increasing function of N . Finally, Xk0(6, γ) =

2(39424 + 172032γ+ 112896γ2−124288γ3−402976γ4−682880γ5 + 1421712γ6−335560γ7−
15140γ8 + 6200γ9 − 75γ10) > 0 and so Xk0 is positive for any N ≥ 6 and γ > 0 and so

4gk0f
′2
k0
− g′2k0 > 0 and hence k0 is a decreasing function of γ for N ≥ 10.

For N < 10,
dgk0
dγ

changes sign with γ. When
dgk0
dγ
≤ 0, the above proof applies (for

N ≥ 6). When
dgk0
dγ

> 0, gk0 is an increasing function of γ and −√gk0 is a decreasing

function of γ. Hence k0 = fk0(N, γ)−
√
gk0(N, γ) is a decreasing function of γ.

We have therefore shown that, for any N ≥ 6 and γ > 0, k0 is a decreasing function of

γ, and so evaluating k0 at γ = 1 gives a lower bound for k0:

k0(γ = 1) =
1

18

[
10N + 28−

√
2(14N2 − 62N − 49)

]
≥ 5−

√
7

9
N

To finish the proof for N < 6, we check that k0(N, γ) > N for N = 1, 2 . . . 5. Hence we have

shown that, for any N and any γ, k0 ≥ 5−
√

7
9
N and so there will be at most four CUs in

equilibrium.
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Furthermore, we can note that k0(γ = 1) > N
3

for N ≤ 31 and so we know that for

N ≤ 31 there will be at most three CUs in equilibrium.

As k0 is a decreasing function of γ and k0(γ = 1) < N
3

for N > 31, there exists a

unique γ3 ∈ (0, 1) for which k0 = N
3

. This γ3 is a complicated function of N , but γ3 =
1
2
(13 −

√
129) ≈ 0.821092 is a lower bound for γ3, because k0(γ3) ≥ N

3
(with equality for

N = +∞). Hence we also know that for N > 31 and γ ∈ [0, 1
2
(13−

√
129)] there will be at

most three CUs in equilibrium.

b) k0 is such that a CU of size k0 is not constrained by Article XXIV, but a CU

of size k0 − 1 is constrained by Article XXIV

If this case occurs, we have Wu(k, C)−Wc(k− 1, C ′) ≥ Wc(k, C)−Wc(k− 1, C ′) and so the

derivations from case a) above provide also a lower bound for k0 is this case.

c) k0 is such that neither a CU of size k0 nor of size k0 − 1 are constrained by

Article XXIV

This case corresponds to the case without the Article XXIV constraint analyzed by Yi (1996)

who shows that there will be at most three CUs in equilibrium.

Proof of Proposition 4. We assume that the equilibrium CU structure consists of at most

two blocs: a bloc of size k which forms first and a bloc of size N − k. From Lemma 7 we

know that the two blocs will necessarily be asymmetric with the larger bloc forming first

and so we have k > N − k. (Note that we allow the small bloc to be empty (k = N) in

which case there is only one bloc in equilibrium.)

The aim of this proof is to determine which bloc will be bound by Article XXIV and

when. We already know that, for γ ≤ γN∞, CUs of any size are bound by Article XXIV so

both the small and the large CUs will be bound. If k < N , then the range of γ for which

both equilibrium CUs will be constrained will be larger. We also know that, as k > N
2

, the

large CU will not be constrained for γ > γN
2

. Hence both blocs will be constrained on a

subrange of (0, γN
2

).2

To determine exactly which bloc will be constrained and when, we need to determine

the equilibrium size of the two blocs. The large CU (the first bloc to form) is choosing its

size k to maximize its welfare knowing that the second bloc will be formed by the remaining

countries. The optimization problem is thus

argmax
k

W (k, {k,N − k})

To solve this optimization problem, we need to calculate the first derivative of the welfare

function of the large CU W (k, {k,N−k}) with respect to its size k. But the welfare function

2From Lemma 7 we know that for γ = 0 there will be only one CU in equilibrium and so Article XXIV
will have no hold.
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W (k, {k,N − k}) changes depending on which of the blocs is constrained. So to determine

the equilibrium size of the two blocs, we need to know whether they are constrained or

not. To solve this problem, we therefore have to determine the equilibrium size of the blocs

making assumptions on whether they are constrained or not, and then we have to check

that the obtained equilibrium sizes do not contradict our assumptions.

Hence the proof proceeds in three steps. First, we solve for the equilibrium size of the two

blocs assuming that they are both constrained and we determine the range of parameters

for which the obtained equilibrium sizes are indeed such that the two blocs are constrained.

Second, we solve for the equilibrium size of the two blocs assuming that only the small bloc

is constrained and we show that, on the remainder of the parameter range, the equilibrium

sizes are such that only the small bloc is constrained. Finally, to terminate the proof, we

solve for the equilibrium size of the two blocs assuming that neither of them is constrained

and we show that the equilibrium sizes are such that the small bloc would necessarily be

constrained. Hence we can conclude that the case in which neither bloc is constrained never

arises in equilibrium with Article XXIV.

1) Assume that both blocs are constrained by Article XXIV (CC):

Making use of (6), (7) and (8) with τc(k) = τc(N − k) = τ(1), we can calculate the first

derivative of the welfare function of the large bloc with respect to its size

dWcc(k, {k,N − k})
dk

=
2 + γ

2Γ(N)2D(1)2
[λ0(N, γ)− 2γλ1(N, γ)k] (D.4)

with

λ0(N, γ) ≡ Γ(0)(28− 20γ + 5γ2 + γ3) + 4γ(30− 29γ + 13γ2)N + γ2(34− 41γ + γ2)N2

λ1(N, γ) ≡ 64− 60γ + 32γ2 − γ3 + γ(22− 27γ + γ2)N

When γ = 0, the derivative is strictly positive and independent of k: dW (k,{k,N−k})
dk

= 7
72
> 0.

The optimal size of the large bloc is thus koptcc = N .

When 0 < γ ≤ γN
2

, λ0(N, γ) > 0 and λ1(N, γ) > 0 and from setting (D.4) equal to zero we

have

koptcc (N, γ) =
λ0(N, γ)

2γλ1(N, γ)
(D.5)

We can note that koptcc

N
is a monotonically decreasing function of N .

d

dN

[
koptcc

N
(N, γ)

]
= − λ2(N, γ)

2γN2λ1(N, γ)2
< 0
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with λ2(N, γ) ≡ ξ2N
2 + ξ1N + ξ0 where

ξ2 ≡ γ2(464− 1128γ + 784γ2 − 114γ3 − 21γ4 + γ5) ≥ 0 for γ ∈ [0, γN
2

]

ξ1 ≡ 2γΓ(0)(22− 27γ + γ2)(28− 20γ + 5γ2 + γ3) ≥ 0 for γ ∈ [0, γN
2

]

ξ0 ≡ Γ(0)(64− 60γ + 32γ2 − γ3)(28− 20γ + 5γ2 + γ3) > 0 for γ ∈ [0, γN
2

]

And so for any N , koptcc

N
≥ lim

N→∞

koptcc

N
=

34− 41γ + γ2

44− 54γ + 2γ2
≥ 17

22
. Hence, if the size of the large

bloc is koptcc , we know that the size of the small bloc is smaller than 5
22
N < k∗∗(N, 1) and so

the small bloc is necessarily constrained by Article XXIV.

The question now is whether the size of the large bloc koptcc (which we obtained assuming

that both CUs are bound by Article XXIV) is such that the large bloc is also constrained.

In other words, is koptcc the relevant solution for the equilibrium size of the large CU? We

show that this is the case for a subrange of γ. To show this we determine when koptcc ≤ k∗∗.

Define ∆k ≡ k∗∗ − koptcc . After simplifications we obtain

∆k(N, γ) =
δk(N, γ)

2γ(2 + γ)λ1(N, γ)
(D.6)

with

δk(N, γ) ≡ Γ(0)(200− 612γ + 562γ2 − 263γ3 + 37γ4 − γ5)

+ 2γ(160− 568γ + 592γ2 − 266γ3 + 36γ4 − γ5)N

γ2(64− 224γ + 202γ2 − 33γ3 + γ4)N2

∆k(N, γ) is a continuous function of γ for γ ∈ (0, γN
2

]. It is easy to show that it is a

monotonically decreasing function of γ on this range:

d∆k(N, γ)

dγ
= − µk(N, γ)

2γ2(2 + γ)2λ1(N, γ)2
< 0

where µk(N, γ) ≡ µ0 + µ1N + µ2N
2 + µ3N

3 with

µ0 ≡ 51200− 44800γ − 137664γ2 + 315136γ3 − 313552γ4 + 167568γ5 − 46388γ6 + 2712γ7

+ 821γ8 − 60γ9 + γ10 > 0 for γ ∈ (0, γN
2

]

µ1 ≡ γ(35200 + 26432γ − 249408γ2 + 395968γ3 − 288040γ4 + 102772γ5 − 8240γ6 − 2146γ7

+ 170γ8 − 3γ9) > 0 for γ ∈ (0, γN
2

]

µ2 ≡ γ2(5888 + 36864γ − 129600γ2 + 148256γ3 − 73440γ4 + 8264γ5 + 1852γ6 − 160γ7

+ 3γ8) > 0 for γ ∈ (0, γN
2

]

µ3 ≡ γ4(7808− 20976γ + 16612γ2 − 2736γ3 − 527γ4 + 50γ5 − γ6) > 0 for γ ∈ (0, γN
2

]
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Furthermore, we have

∆k(N,
466

1000
) =

642115906555069N2 − 20005524915931138N + 286625284171126069

287289000(561247837N + 5360974663)

> 0 for N ≥ 1

∆k(N,
476

1000
) = − 20100163461469N2 + 720384736178562N − 3547369240077531

36830500(69723409N + 665352841)

< 0 for N ≥ 5

So by the intermediate value theorem, we know that there exists a unique γ̂(N) ∈
(

466
1000

, 476
1000

)
such that ∆k[N, γ̂(N)] = 0. Hence for γ ≤ γ̂(N) we have koptcc ≤ k∗∗ and for γ > γ̂(N) we

have koptcc > k∗∗. Therefore for γ ≤ γ̂(N) both CUs are well constrained by Article XXIV

and koptcc is the relevant solution for the equilibrium size of the large CU on this interval.3

2) Assume that only the small bloc is constrained by Article XXIV (UC):

The solution koptcc obtained above assuming that both CUs are constrained by Article XXIV

is such that for γ > γ̂(N) the CU of size koptcc would not be constrained by Article XXIV.

Therefore, for γ > γ̂(N), koptcc cannot be the relevant solution for the size of the large CU.

We now assume that only the small CU is constrained by Article XXIV and solve for the

equilibrium size of the large union koptuc . In the remainder of the proof we are assuming

γ > γ̂(N). Given that γ̂(N) > 0.466, we prove all the results for γ > 0.466 which proves

them for γ > γ̂(N).

Again making use of (6), (7) and (8), but now with the large bloc imposing τc(k) =

τ(k) ≤ τ(1) and the small bloc imposing τc(N − k) = τ(1), we can calculate the first

derivative of the welfare function of the large bloc with respect to its size

dWuc(k, {k,N − k})
dk

=
Huc(k,N, γ)

2Γ(N)2D(1)2D(k)2
(D.7)

with

Huc(k,N, γ) ≡ η6(N, γ)k6 + η5(N, γ)k5 + η4(N, γ)k4 + η3(N, γ)k3 + η2(N, γ)k2 + η1(N, γ)k + η0

and

η6(N, γ) ≡ − 24γ6(2 + γ)2

3For N ≥ 9, we can even refine the range of γ̂(N) because we have

∆k(N,
470

1000
) = −7855687771N2 + 1946145300258N − 16803834658029

2321800(4479523N + 42764977)
< 0 for N ≥ 9

and so we know that γ̂(N) ∈ [ 466
1000 ,

470
1000 ].
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η5(N, γ) ≡ − 8γ5(2 + γ)
[
γ(10− 21γ − 3γ2)N + 80− 44γ + 4γ2 + 3γ3

]
η4(N, γ) ≡ 2γ4

[
−γ2(28− 188γ + 143γ2 + 78γ3 + 3γ4)N2

+ 2γ(−448 + 1032γ − 228γ2 − 134γ3 + 53γ4 + 3γ5)N

−3648 + 3648γ − 912γ2 − 416γ3 + 260γ4 − 28γ5 − 3γ6
]

η3(N, γ) ≡ 4γ3
[
γ3(1− γ)(4 + 28γ − 55γ2 − 9γ3)N3

− γ2(144− 992γ + 1272γ2 − 420γ3 − 15γ4 + 23γ5)N2

+ γ(−2128 + 6496γ − 5736γ2 + 1904γ3 − 5γ4 − 130γ5 + 19γ6)N

+(2− γ)(−2880 + 4048γ − 2320γ2 + 408γ3 + 132γ4 − 59γ5 + 5γ6)
]

η2(N, γ) ≡ 2γ2
[
γ4(1− γ)(52− 88γ + 23γ2 + 15γ3)N4

+ 4γ3(136− 254γ + 31γ2 + 113γ3 − 46γ4 + 4γ5)N3

+ γ2(752 + 2624γ − 7900γ2 + 6612γ3 − 2166γ4 + 156γ5 + 35γ6)N2

2γ(2− γ)(−1872 + 6696γ − 7444γ2 + 3742γ3 − 736γ4 − 53γ5 + 29γ6)N

2(2− γ)2(−2432 + 4176γ − 3256γ2 + 1184γ3 − 112γ4 − 49γ5 + 11γ6)
]

η1(N, γ) ≡ 4γ(2− γ)2
[
γ4(52− 88γ + 23γ2 + 15γ3)N4

+ γ3(508− 788γ + 244γ2 + 84γ3 − 43γ4)N3

+ 8γ2(3− γ)(2 + γ)(33− 49γ + 26γ2 − 5γ3)N2

+ γ(1264− 720γ − 1008γ2 + 1452γ3 − 731γ4 + 158γ5 − 11γ6)N

−(2− γ)(3− γ)(160− 304γ + 288γ2 − 120γ3 + 22γ4 + γ5)
]

η0(N, γ) ≡ (2− γ)2
[
γ4(272− 536γ + 215γ2 + 53γ3 − 30γ4)N4

+ 4γ3(648− 1286γ + 747γ2 − 8γ3 − 115γ4 + 26γ5)N3

+ 2γ2(4328− 8824γ + 6382γ2 − 1076γ3 − 901γ4 + 471γ5 − 66γ6)N2

+ 4γ(2− γ)(2 + γ)(3− γ)(236− 428γ + 335γ2 − 125γ3 + 18γ4)N

+(2− γ)2(3− γ)(336− 352γ + 40γ2 + 128γ3 − 83γ4 + 14γ5)
]

The optimal size of the large CU koptuc is given by setting (D.7) equal to zero. It is hard to

find a closed-form solution of this polynomial equation of degree 6 in k, we can however

provide a lower bound for koptuc by studying further the derivative of the welfare function

(D.7).

The small CU being constrained by Article XXIV, we are interested in the variations of

the derivative (D.7) for N − k ≤ k∗∗ ⇔ k ≥ N − k∗∗. We show that the derivative (D.7) is

strictly positive for k ∈ [N − k∗∗, 78
100
N ] and so we will have shown that koptuc ≥ 78

100
N .

The denominator of the derivative (D.7) is strictly positive and so the derivative has the

same sign as its numerator Huc(k,N, γ).
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Lemma. Huc(k,N, γ) changes sign only once in the interval [N − k∗∗, N ]. It is initially an

increasing function of k and then it becomes a decreasing function with Huc(N−k∗∗, N, γ) > 0

and Huc(N,N, γ) < 0.

Proof. Huc(k,N, γ) is a sixth degree polynomial in k. To determine the variations and the

sign of Huc we differentiate successively with respect to k. The sixth derivative of Huc with

respect to k is

∂6Huc

∂k6
(k,N, γ) = −17280γ6(2 + γ)2 < 0 for γ ≥ 0.466

And so the fifth derivative is a decreasing function of k. Evaluating the fifth derivative at

the lower bound of the interval of interest k ∈ [N − k∗∗, N ] gives

∂5Huc

∂k5
(N − k∗∗, N, γ) = 1920γ5(2 + γ)

[
γ (4− 21γ + 6γ2)︸ ︷︷ ︸
≤0 for γ≥0.466

N − 2 (2 + 25γ − 17γ2 + 3γ3)︸ ︷︷ ︸
>0 for γ∈[0,1]

]

So ∂5Huc
∂k5

(N − k∗∗, N, γ) < 0 for γ ≥ 0.466 and so the fifth derivative is negative for any

k ∈ [N − k∗∗, N ] and so the fourth derivative is decreasing on this range. Evaluating the

fourth derivative at the lower bound yields

∂4Huc

∂k4
(N − k∗∗, N, γ) = − 96γ4

γ2 (4− 164γ + 509γ2 − 276γ3 + 39γ4)︸ ︷︷ ︸
>0 for γ≥0.466

N2

+ 2γ (−16− 56γ + 1204γ2 − 1108γ3 + 361γ4 − 39γ5)︸ ︷︷ ︸
>0 for γ≥0.466

N

64 + 576γ + 2216γ2 − 3552γ3 + 1890γ4 − 446γ5 + 39γ6︸ ︷︷ ︸
>0 for γ≥0.466

 < 0

The fourth derivative is decreasing with k and negative at the lower bound of the interval

considered and so it is negative on the entire interval k ∈ [N − k∗∗, N ] and so the third

derivative is decreasing on this range. Evaluating the third derivative at lower bound N−k∗∗

is inconclusive as it can be either positive or negative depending on the parameters. However,

evaluating the third derivative at the upper bound the upper bound of the interval (k = N)

yields
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∂3Huc

∂k3
(N,N, γ) = 24γ3

γ3 (−932 + 560γ + 51γ2 − 50γ3 + 3γ4)︸ ︷︷ ︸
<0 for γ≥0.466

N3

−γ2(5136− 5280γ + 1464γ2 + 316γ3 − 167γ4 + 11γ5)︸ ︷︷ ︸
<0 for γ≥0.466

N2

+ γ(−9424 + 13792γ − 7560γ2 + 1072γ3 + 515γ4 − 186γ5 + 13γ6)︸ ︷︷ ︸
<0 for γ≥0.466

N

−(2− γ)(2880− 4048γ + 2320γ2 − 408γ3 − 132γ4 + 59γ5 − 5γ6)︸ ︷︷ ︸
<0 for γ≥0.466

 < 0

Hence we know that the second derivative is either monotonically decreasing or initially in-

creasing and then decreasing function for k ∈ [N−k∗∗, N ]. Evaluating the second derivative

at the upper bound k = N yields

∂2Huc

∂k2
(N,N, γ) = 4γ2

γ4 (−1612 + 1692γ − 345γ2 − 80γ3 + 21γ4)︸ ︷︷ ︸
<0 for γ≥0.466

N4

−2γ3(6048− 8820γ + 4402γ2 − 482γ3 − 211γ4 + 43γ5)︸ ︷︷ ︸
<0 for γ≥0.466

N3

+ γ2 (−33904 + 63488γ − 47788γ2 + 15540γ3 − 636γ4 − 792γ5 + 131γ6)︸ ︷︷ ︸
<0 for γ≥0.466

N2

+ 4γ(2− γ) (−5256 + 9420γ − 7202γ2 + 2483γ3 − 170γ4 − 115γ5 + 22γ6)︸ ︷︷ ︸
<0 for γ≥0.466

N

2(2− γ)2 (−2432 + 4176γ − 3256γ2 + 1184γ3 − 112γ4 − 49γ5 + 11γ6)︸ ︷︷ ︸
<0 for γ≥0.466

 < 0

So the second derivative is negative at k = N . At k = N − k∗∗, the second derivative can

be either positive or negative depending on the parameters. Furthermore, we show that at

k = N − k∗∗, the second derivative is greater than the third derivative:

∂2Huc

∂k2
(N − k∗∗, N, γ)− ∂3Huc

∂k3
(N − k∗∗, N, γ) =

γ2

(2 + γ)2

[
ν4N

4 + ν3N
3 + ν2N

2 + ν1N + ν0

]
with

ν4 ≡ γ4(848− 2848γ + 5144γ2 + 2328γ3 − 17867γ4 + 20080γ5 − 9082γ6 + 1776γ7 − 123γ8)
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ν3 ≡ 4γ3(2112− 5856γ + 14944γ2 − 16968γ3 − 18000γ4 + 53844γ5 − 42587γ6 + 14649γ7

− 2245γ8 + 123γ9)

ν2 ≡ 2γ2(16384− 40192γ + 82656γ2 − 202912γ3 + 139360γ4 + 276576γ5 − 432602γ6 + 242446γ7

− 65015γ8 + 8142γ9 − 369γ10)

ν1 ≡ 4γ(13312− 37248γ + 46208γ2 − 131040γ3 + 312128γ4 − 17544γ5 − 354296γ6 + 330878γ7

− 138832γ8 + 30150γ9 − 3183γ10 + 123γ11)

ν0 ≡ (2− γ)(14336− 46080γ + 43520γ2 − 13568γ3 + 467328γ4 − 200256γ5 − 325568γ6 + 358112γ7

− 154160γ8 + 33272γ9 − 3406γ10 + 123γ11)

All the polynomial functions νi are positive for γ ≥ 0.466 and so we have ∂2Huc
∂k2

(N −
k∗∗, N, γ) ≥ ∂3Huc

∂k3
(N − k∗∗, N, γ). Thus when the third derivative is positive at N − k∗∗,

the second derivative is also necessarily positive at this point. Hence we know that the

second derivative is either monotonically decreasing and negative on the whole interval

[N − k∗∗, N ], or it is monotonically decreasing taking initially positive values and then

negative values, or it is initially increasing and positive and then decreasing and negative

for k = N . Consequently, the first derivative is either monotonically decreasing or initially

increasing and then decreasing. We now sign the first derivative at the bounds of the interval

[N − k∗∗, N ]. The first derivative is negative at the upper bound k = N

∂Huc

∂k
(N,N, γ) = − 4γ(3− γ)Γ(N)2

[
2γ3(2− γ)(7 + γ)(4− 3γ)N3

+ 2γ2 (288− 404γ + 202γ2 − 26γ3 − 7γ4)︸ ︷︷ ︸
>0 for γ≥0.466

N2

+ γ (880− 1536γ + 1216γ2 − 436γ3 + 49γ4 + 9γ5)︸ ︷︷ ︸
>0 for γ≥0.466

N

(2− γ) (160− 304γ + 288γ2 − 120γ3 + 22γ4 + γ5)︸ ︷︷ ︸
>0 for γ≥0.466

]
< 0

The first derivative is positive at the lower bound k = N − k∗∗ for N ≥ 5

∂Huc

∂k
(N − k∗∗, N, γ) =

γΓ(N)

(2 + γ)3

[
ι4N

4 + ι3N
3 + ι2N

2 + ι1N + ι0

]
with
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ι4 ≡ γ4(2− γ)(3− γ) (2− 7γ + γ2)︸ ︷︷ ︸
<0 for γ≥0.466

(−64 + 84γ − 92γ2 + 51γ3 + 67γ4 − 93γ5 + 15γ6)︸ ︷︷ ︸
<0 for γ≥0.466

> 0

ι3 ≡ γ3(−3392 + 39872γ − 84848γ2 + 110032γ3 − 104396γ4 + 29660γ5 + 60651γ6 − 75039γ7

+ 37821γ8 − 9713γ9 + 1228γ10 − 60γ11) > 0 for γ ≥ 0.466

ι2 ≡ γ2(7168 + 133248γ − 325312γ2 + 427296γ3 − 510288γ4 + 307896γ5 + 113772γ6 − 320946γ7

+ 232453γ8 − 88084γ9 + 18621γ10 − 2046γ11 + 90γ12)

ι1 ≡ γ(2− γ)(24576 + 99328γ − 237824γ2 + 233088γ3 − 364256γ4 + 256688γ5 + 60064γ6

− 218392γ7 + 159374γ8 − 60163γ9 + 12655γ10 − 1380γ11 + 60γ12)

ι0 ≡ (2− γ)2(13312 + 27136γ − 73472γ2 + 32896γ3 − 98240γ4 + 80192γ5 + 11200γ6 − 56056γ7

+ 40968γ8 − 15390γ9 + 3223γ10 − 349γ11 + 15γ12)

The polynomial functions ι4 and ι3 are positive for γ ≥ 0.466 while the polynomial functions

ι2, ι1 and ι0 change sign on γ ∈ [0.466, 1] (they become negative for γ close to 1). Easy

successive differentiation with respect to N of ι4N
4 + ι3N

3 + ι2N
2 + ι1N + ι0 shows however

that ∂Huc
∂k

(N − k∗∗, N, γ) > 06 for N ≥ 5.

Hence we know that the numerator the of derivative of welfare Huc(k,N, γ) is an initially

increasing and then decreasing function of k in the interval [N − k∗∗, N ]. Let us now sign

the numerator at the bounds of this interval. At the lower bound k = N − k∗∗ we have

Huc(N − k∗∗, N, γ) =
Γ(N)2

2(2 + γ)3

[
υ4N

4 + υ3N
3 + υ2N

2 + υ1N + υ0

]
with

υ4 ≡ γ4(1− γ)(3− γ)(2− 7γ + γ2)2(32− 32γ + 24γ2 − 28γ3 + 18γ4 − 3γ5)

υ3 ≡ 2γ3(3− γ)(2− 7γ + γ2)(−64− 1376γ + 3280γ2 − 3344γ3 + 2940γ4 − 2674γ5 + 1661γ6

− 581γ7 + 98γ8 − 6γ9)

υ2 ≡ 2γ2(−8704 + 21248γ + 128928γ2 − 408048γ3 + 547696γ4 − 533016γ5 + 478074γ6

− 368855γ7 + 209438γ8 − 80732γ9 + 20168γ10 − 3080γ11 + 258γ12 − 9γ13)

υ1 ≡ 2γ(2− γ)(−10752 + 54144γ + 63616γ2 − 283296γ3 + 359360γ4 − 338872γ5 + 309960γ6

− 245574γ7 + 141350γ8 − 54800γ9 + 13717γ10 − 2091γ11 + 174γ12 − 6γ13)

υ0 ≡ (2− γ)2(−6400 + 55168γ + 18496γ2 − 157088γ3 + 172528γ4 − 158968γ5 + 151676γ6

− 123126γ7 + 71490γ8 − 27836γ9 + 6986γ10 − 1064γ11 + 88γ12 − 3γ13)

All the coefficients υi are positive for γ ≥ 0.466 and so the numerator Huc(N−k∗∗, N, γ) > 0.
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At the upper bound k = N we have

Huc(N,N, γ) = − (3− γ)Γ(N)2
[
ῡ4N

4 + ῡ3N
3 + ῡ2N

2 + ῡ1N + ῡ0

]
with

ῡ4 ≡ 4γ4(4− 3γ)2 > 0 for γ ≥ 0.466

ῡ3 ≡ 4γ3(10− γ)(4− 3γ)(2− 2γ + γ2) > 0 for γ ≥ 0.466

ῡ2 ≡ γ2(160− 640γ + 1220γ2 − 972γ3 + 343γ4 − 38γ5) > 0 for γ ≥ 0.466

ῡ1 ≡ 2γ(2− γ)(4− γ)(−72 + 52γ + 46γ2 − 59γ3 + 20γ4) < 0 for γ ≥ 0.466

ῡ0 ≡ − (2− γ)2(336− 352γ + 40γ2 + 128γ3 − 83γ4 + 14γ5) < 0 for γ ≥ 0.466

The coefficients ῡ4, ῡ3 and ῡ2 are strictly positive for γ ≥ 0.466 while ῡ1 and ῡ0 are negative.

Easy successive differentiation with respect to N of ῡ4N
4 + ῡ3N

3 + ῡ2N
2 + ῡ1N + ῡ0 shows

that Huc(N,N, γ) < 0 for N ≥ 5 and γ ≥ 0.466.

Hence we know that Huc(k,N, γ) changes sign only once in the interval [N − k∗∗, N ]. It

is initially positive and increasing function and then it becomes a decreasing function and

negative.

The Lemma above helps up to determine a lower bound koptuc for which Huc(k
opt
uc , N, γ) = 0.

By showing that Huc(k,N, γ) is positive at k = 78
100
N we will have shown that koptuc ≥ 78

100
N .

Huc(
78

100
N,N, γ) =

Ξ̃(N, γ)

1953125000
> 0 for γ > 0.466

where Ξ̃(N, γ) ≡ ξ̃6N
6 + ξ̃5N

5 + ξ̃4N
4 + ξ̃3N

3 + ξ̃2N
2 + ξ̃1N + ξ̃0 with

ξ̃6 ≡ 1521γ6(−22697792 + 85616608γ − 91674048γ2 + 34374100γ3 − 4351875γ4)

≥ 0 for γ ∈ [0.466, 1]

ξ̃5 ≡ 1950γ5(4696640 + 446727728γ − 972099424γ2 + 752546940γ3 − 239698898γ4

+ 27095175γ5) > 0 for γ ∈ [0.466, 1]

ξ̃4 ≡ 625γ4(5008964032− 3693184832γ − 10736486592γ2 + 17851076144γ3 − 10604004840γ4

+ 2793891652γ5 − 274146723γ6) > 0 for γ ∈ [0.466, 1]

ξ̃3 ≡ 62500γ3Γ(0)(157675680− 214745888γ − 37216280γ2 + 225886252γ3 − 159352692γ4

+ 45324529γ5 − 4647955γ6) > 0 for γ ∈ [0.466, 1]

ξ̃2 ≡ 3125000γ2Γ(0)2(4175728− 6082304γ + 1059524γ2 + 3287264γ3 − 2722052γ4

+ 822321γ5 − 87219γ6) > 0 for γ ∈ [0.466, 1]
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ξ̃1 ≡ 156250000γΓ(0)3(3− γ)(17360− 19144γ + 868γ2 + 8930γ3 − 5308γ4 + 861γ5)

> 0 for γ ∈ [0.466, 1]

ξ̃0 ≡ 1953125000Γ(0)4(3− γ)(336− 352γ + 40γ2 + 128γ3 − 83γ4 + 14γ5) > 0 for γ ∈ [0.466, 1]

The derivative of welfare dWuc

dk
is thus strictly positive for any k between N − k∗∗ and 78

100
N ,

welfare is strictly increasing with k and so we must have koptuc ≥ 78
100
N .

Having determined this lower bound on the size of the large CU, we now need to check

that this size is such that the small union would be constrained and the large would not.

If the large CU is larger than 78
100
N , then the small CU must be smaller than 22

100
N . As

22
100
N < k∗∗(N, 1), the small union is well constrained by Article XXIV.

We now need to check that the large union is larger than k∗∗. Recall that k∗∗ is a

monotonically decreasing function of γ and notice that k∗∗(N, 1
2
) = 3(N+1)

4
< 78

100
N so for

γ ≥ 1
2
, by showing that koptuc ≥ 78

100
N , we have already shown that koptuc ≥ k∗∗. To finish the

proof, we now need to show that koptuc ≥ k∗∗ for γ ∈ (γ̂(N), 1
2
). Evaluating the first derivative

of welfare (D.7) at k∗∗ yields

dWuc

dk
(k∗∗, {k∗∗, N − k∗∗}) = − δk(N, γ)

2Γ(N)2D(1)2
(D.8)

From the study of (D.6) above, we know that δk(N, γ) < 0 for γ ∈ (γ̂(N), γN
2

) and so from

(D.8) we have that the derivative of welfare is strictly positive at k∗∗. Hence the welfare

function is increasing for k between N − k∗∗ and k∗∗ and so koptuc must be greater than k∗∗

and so the large CU cannot be constrained by Article XXIV.

3) Assume that no bloc is constrained by Article XXIV (UU):

As a final check, we assume that neither of the two blocs is constrained by Article XXIV

and we show that this assumption leads to a contradiction.

Making use of (6), (7) and (8), but now with the large bloc imposing τc(k) = τ(k) and

the small bloc imposing τc(N − k) = τ(N − k), we can again calculate the first derivative of

the welfare function of the large bloc with respect to its size

dWuu(k, {k,N − k})
dk

=
Huu(k,N, γ)

2D(k)2D(N − k)3
(D.9)

with

Huu(k,N, γ) ≡ η̃8(N, γ)k8 + η̃7(N, γ)k7 + η̃6(N, γ)k6 + η̃5(N, γ)k5 + η̃4(N, γ)k4

+ η̃3(N, γ)k3 + η̃2(N, γ)k2 + η̃1(N, γ)k + η̃0

and
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η̃8(N, γ) ≡ 32(1− γ)(2− γ)γ8

η̃7(N, γ) ≡ − 16γ7
[
γ(1− γ)(25− 13γ)N + (2− γ)(8− 17γ + 5γ2)

]
η̃6(N, γ) ≡ 8γ6

[
γ2(1− γ)(142− 95γ + 16γ2 − 3γ3)N2

+ 2γ(2− γ)(26− 96γ + 63γ2 − 20γ3 + 3γ4)N

−(2− γ)2(49− 3γ − 40γ2 + 21γ3 − 3γ4)
]

η̃5(N, γ) ≡ − 4γ5
[
γ3(1− γ)(453− 393γ + 123γ2 − 23γ3)N3

+ γ2(2− γ)(64− 883γ + 883γ2 − 357γ3 + 53γ4)N2

− γ(2− γ)2(647− 86γ − 502γ2 + 266γ3 − 37γ4)N

−(2− γ)3(292− 111γ − 97γ2 + 55γ3 − 7γ4)
]

η̃4(N, γ) ≡ 2γ4
[
2γ4(1− γ)(415− 439γ + 177γ2 − 33γ3)N4

− 4γ3(2− γ)(147 + 336γ − 534γ2 + 248γ3 − 37γ4)N3

− γ2(2− γ)2(3905− 2775γ − 313γ2 + 507γ3 − 76γ4)N2

− 2γ(2− γ)3(1606− 1679γ + 656γ2 − 133γ3 + 14γ4)N

−(2− γ)4(682− 1092γ + 693γ2 − 201γ3 + 22γ4)
]

η̃3(N, γ) ≡ γ3
[
−4γ5(1− γ)(203− 247γ + 113γ2 − 21γ3)N5

+ 4γ4(2− γ)(688− 411γ − 177γ2 + 167γ3 − 27γ4)N4

+ γ3(2− γ)2(12309− 15884γ + 7766γ2 − 1916γ3 + 221γ4)N3

+ γ2(2− γ)3(14396− 22735γ + 14361γ2 − 4253γ3 + 487γ4)N2

+ γ(2− γ)4(7040− 13540γ + 9359γ2 − 2774γ3 + 299γ4)N

+(2− γ)5(1552− 3056γ + 2040γ2 − 569γ3 + 57γ4)
]

η̃2(N, γ) ≡ γ2
[
4γ6(1− γ)(41− 55γ + 27γ2 − 5γ3)N6

− 8γ5(2− γ)(283− 409γ + 229γ2 − 63γ3 + 8γ4)N5

− γ4(2− γ)2(9023− 15320γ + 10214γ2 − 3208γ3 + 395γ4)N4

− 2γ3(2− γ)3(5881− 11367γ + 8157γ2 − 2557γ3 + 294γ4)N3

− γ2(2− γ)4(6133− 14034γ + 10385γ2 − 3134γ3 + 334γ4)N2

− 2γ(2− γ)5(284− 1065γ + 830γ2 − 235γ3 + 22γ4)N

+(2− γ)6(3− γ)(174− 204γ + 87γ2 − 13γ3)
]
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η̃1(N, γ) ≡ γ(2− γ)2
[
8g6(41− 55g + 27g2 − 5g3)N6

+ γ5(1915− 3948γ + 3022γ2 − 1020γ3 + 127γ4)N5

+ γ4(2− γ)(24− 1791γ + 1997γ2 − 721γ3 + 83γ4)N4

− 2γ3(2− γ)2(3094− 4257γ + 2360γ2 − 634γ3 + 69γ4)N3

− 2γ2(2− γ)3(4778− 7414γ + 4413γ2 − 1187γ3 + 121γ4)N2

− γ(2− γ)4(3− γ)(2015− 2435γ + 985γ2 − 133γ3)N

−(2− γ)5(3− γ)2(13− 5γ)(12− 5γ)
]

η̃0(N, γ) ≡ (2− γ)2
[
γ6(413− 718γ + 488γ2 − 154γ3 + 19γ4)N6

+ 2γ5(2− γ)(1251− 2152γ + 1424γ2 − 428γ3 + 49γ4)N5

+ γ4(2− γ)2(6261− 10536γ + 6716γ2 − 1914γ3 + 205γ4)N4

+ 4γ3(2− γ)3(2038− 3313γ + 2018γ2 − 545γ3 + 55γ4)N3

+ γ2(2− γ)4(3− γ)(1883− 2299γ + 931γ2 − 125γ3)N2

+ 2γ(2− γ)5(3− γ)2(103− 84γ + 17γ2)N

+(2− γ)6(3− γ)3(7− 3γ)
]

As in the (UC) case above, the optimal size of the large CU koptuu is given by setting (D.9)

equal to zero. It is again difficult to find a closed-form solution to this polynomial equation

of degree 8 in k, but we can again provide a lower bound for koptuu by studying further the

derivative of the welfare function (D.9).

Tedious derivations (multiple successive differentiation as in the (UC) case above) show

that the numerator of the derivative of welfare Huu is a decreasing function of k for k ∈
[N

2
, 9N

10
]. Furthermore, we have

Huu(
88

100
N,N, γ) =

Ξ̂(N, γ)

152587890625
> 0 for γ > 0.466

where Ξ̂(N, γ) ≡ ξ̂8N
8 + ξ̂7N

7 + ξ̂6N
6 + ξ̂5N

5 + ξ̂4N
4 + ξ̂3N

3 + ξ̂2N
2 + ξ̂1N + ξ̂0 with

ξ̂8 ≡ 52272γ8(1− γ)(−543 + 14509γ − 18125γ2 + 4375γ3)

ξ̂7 ≡ 118800γ7(2− γ)(−13032 + 333843γ − 575745γ2 + 304625γ3 − 49475γ4)

ξ̂6 ≡ 5625γ6(2− γ)2(−23581677 + 135143194γ − 155087180γ2 + 64307342γ3 − 8887231γ4)

ξ̂5 ≡ 31250γ5(2− γ)3(−53486337 + 122581771γ − 97377033γ2 + 32422545γ3 − 3856298γ4)

ξ̂4 ≡ 390625γ4(2− γ)4(17868441− 36385396γ + 26161984γ2 − 8014138γ3 + 892161γ4)

ξ̂3 ≡ 39062500γ3(2− γ)5(1408224− 2486197γ + 1600855γ2 − 447928γ3 + 46134γ4)

ξ̂2 ≡ 244140625γ2(2− γ)6(3− γ)(152841− 196361γ + 82233γ2 − 11267γ3)
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ξ̂1 ≡ 12207031250γ(2− γ)7(3− γ)2(859− 725γ + 150γ2)

ξ̂0 ≡ 152587890625(2− γ)8(3− γ)3(7− 3γ)

All the coefficients ξ̂i are positive for γ ∈ [0.466, 1] except ξ̂5 which changes signs and so

straightforward successive differentiation with respect to N shows that Huu(
88
100
N,N, γ) > 0

for γ > 0.466 and N ≥ 4. Hence the welfare function Wuu is strictly increasing for k ∈
[N

2
, 88N

100
] and koptuu must be greater or equal to 88

100
N . If the large CU is larger than 88

100
N , then

the small CU must be smaller than 12
100
N . As 12

100
N < k∗∗(N, 1), this leads to a contradiction:

a union smaller than k∗∗(N, 1) is necessarily constrained by Article XXIV. Therefore, in a

two-bloc equilibrium, the small bloc is always constrained by Article XXIV.

Proof of Proposition 5. We assume that the equilibrium CU structure consists of at most

two blocs: a bloc of size k which forms first and a bloc of size N − k. From Lemma 7 we

know that the two blocs will necessarily be asymmetric with the larger bloc forming first

and so we have k > N − k. The aim of this proof is to determine how does the presence of

the Article XXIV constraint affect the large CU’s choice of its size.

1. Article XXIV binding on the large CU leads to a more asymmetric equi-

librium CU structure: the goal here is to determine how a change in the CET of the

large CU affects the large CU’s willingness to accept more or less members, i.e. we want to

determine the sign of
∂

∂τL

∂WL(k)

∂k

∣∣∣∣
τL=τ(1),koptcc

where τL is the external tariff imposed by the large union and WL is the welfare of a member

country of the large union. We are interested in the sign of this second derivative at the

point where the large union is bound by Article XXIV τL = τ(1) (because we want to see

the local impact of removing Article XXIV and raising τL) and where the large union has

chosen its size optimally koptcc (case where both unions are constrained by Article XXIV). By

the theorem of Schwarz (also known as Young’s Theorem), we have ∂
∂τL

∂WL(k)
dk

= ∂
∂k

∂WL(k)
∂τL

.

∂WL(k)

∂τL
=

N − k
Γ(0)2Γ(N)2

[Γ(0)Γ(2k)−D(k)τL]

and

∂2WL(k)

∂k∂τL
=

1

Γ(0)2Γ(N)2

{
6γτLk

2

+
{
τL
[
2γΓ(0)Γ(N)− 6γ2N + 4γΓ(0)

]
− 4γΓ(0)

}
k (D.10)

+ τL
{

Γ(0)Γ(N) [Γ(0)− γN ] + γ2N2 + Γ(0)2 − 2γΓ(0)N
}

+ Γ(0) [Γ(2N)− 2Γ(0)]

}
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Evaluating (D.10) at τL = τ(1) and k = koptcc given by (D.5) yields

∂

∂τL

∂WL(k)

∂k

∣∣∣∣
τL=τ(1),k=koptcc

=
fL(N, γ)

2Γ(0)Γ(N)2D(1)λ1(N, γ)2

with

fL(N, γ) ≡ fL4 (γ)N4 + fL3 (γ)N3 + fL2 (γ)N2 + fL1 (γ)N + fL0 (γ)

fL4 (γ) ≡ − γ4(2216− 8532γ + 11422γ2 − 5979γ3 + 896γ4 − 27γ5)

fL3 (γ) ≡ − 2γ3(8896− 38536γ + 63932γ2 − 51294γ3 + 19601γ4 − 2552γ5 + 73γ6)

fL2 (γ) ≡ − 8γ2(6480− 33072γ + 65152γ2 − 66560γ3 + 37847γ4 − 11297γ5 + 1293γ6 − 35γ7)

fL1 (γ) ≡ − 2γ(34048− 204608γ + 462048γ2 − 562784γ3 + 409136γ4 − 180036γ5 + 44102γ6

− 4492γ7 + 115γ8)

fL0 (γ) ≡ − Γ(0)(19264− 109696γ + 250320γ2 − 298784γ3 + 219532γ4 − 98072γ5 + 25663γ6

− 2710γ7 + 69γ8)

From Proposition 4 we know that both CUs are bound only for γ ∈ [0, γ̂(N)]. Given that

γ̂(N) < 0.476, for the remainder of the proof we will consider γ ∈ [0, 0.476] which will cover

the range of interest.

The coefficients fL4 (γ), fL3 (γ), fL2 (γ) and fL0 (γ) (of the fourth degree polynomial in N)

are all negative for γ ∈ [0, 0.476], but fL1 (γ) changes sign for γ ∈ [0, 0.476]. To sign fL(N, γ)

we thus differentiate twice with respect to N .

d2fL(N, γ)

dN2
= 12fL4 (γ)N2 + 6fL3 (γ)N + 2fL2 (γ) ≤ 0 for γ ∈ [0, 0.476]

and so the first derivative dfL(N,γ)
dN

is a decreasing function of N . Furthermore, d
dN
fL(4, γ) =

−2γ(34048 + 2752γ − 169248γ2 − 44000γ3 + 255856γ4 + 30972γ5 − 141866γ6 + 29076γ7 −
957γ8) ≤ 0 for γ ∈ [0, 0.476] and so dfL(N,γ)

dN
is negative for any N ≥ 4 and fL(N, γ) is a

decreasing function of N . Finally, fL(4, γ) = −38528 − 33728γ + 197088γ2 + 246032γ3 −
209720γ4 − 336836γ5 + 88074γ6 + 145979γ7 − 35136γ8 + 1197γ9 ≤ 0 for γ ∈ [0, 0.476] and

so we have
∂

∂τL

∂WL(k)

∂k

∣∣∣∣
τL=τ(1),k=koptcc

≤ 0 for γ ∈ [0, γ̂(N)]

And so, when Article XXIV is binding on the big bloc, if it could raise its tariff, it would

want to accept fewer members.

2. Article XXIV binding on the small CU leads to a more symmetric equilibrium

CU structure: the goal here is to determine how a change in the CET of the small CU

affects the large CU’s willingness to accept more or less members, i.e. we want to determine
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the sign of
∂

∂τS

∂WL(k)

∂k

∣∣∣∣
τS=τ(1),k=kopt

where τS is the external tariff imposed by the small union and WL is the welfare of a member

country of the large union. Again, we are interested in the sign of this second derivative at

the point where the small union is constrained by Article XXIV τS = τ(1) and where the

large union has chosen its size optimally. Hence, when the large union is also constrained

by Article XXIV (γ ≤ γ̂(N)), we want to evaluate the second derivative at k = koptcc , and,

when the large union is not constrained by Article XXIV (γ > γ̂(N)), we want to evaluate

the second derivative at k = koptuc .

Differentiating (8) with respect to the tariff of the small union gives

∂WL(k)

∂τS
= − 2

Γ(0)2Γ(N)2

[
(N − k)Γ(N − k)Γ(0)− τS(N − k)Γ(N − k)2

]
Differentiating with respect to k yields

∂

∂k

∂WL(k)

∂τS
=

2

Γ(0)2Γ(N)2
{Γ(0)Γ[2(N − k)]− τSΓ(N − k)Γ[3(N − k)]} (D.11)

We want to evaluate this derivative at τS = τ(1) and the optimal size of the large CU. The

optimal size of the large CU depends on whether the large CU is constrained or not. We

thus have to distinguish two cases:

2.a) For γ ≤ γ̂(N) < 0.476: the optimal size is koptcc given by (D.5). Evaluating (D.11) at

τS = τ(1) and k = koptcc yields

∂

∂τS

∂WL(k)

∂k

∣∣∣∣
τS=τ(1),k=koptcc

=
fS(N, γ)

2Γ(0)Γ(N)2D(1)λ1(N, γ)2

with

fS(N, γ) ≡ fS4 (γ)N4 + fS3 (γ)N3 + fS2 (γ)N2 + fS1 (γ)N + fS0 (γ)

fS4 (γ) ≡ γ4(10− 13γ + γ2)(292− 648γ + 373γ2 − 15γ3)

fS3 (γ) ≡ 16γ3(1944− 6852γ + 9414γ2 − 6381γ3 + 2070γ4 − 194γ5 + 5γ6)

fS2 (γ) ≡ 2γ2(64480− 226224γ + 339520γ2 − 283744γ3 + 137498γ4 − 35257γ5 + 3078γ6

− 77γ7)

fS1 (γ) ≡ 4γ(61952− 212704γ + 339600γ2 − 325104γ3 + 198216γ4 − 75878γ5 + 16253γ6

− 1324γ7 + 32γ8)

fS0 (γ) ≡ (2− γ)(92992− 258688γ + 382544γ2 − 346784γ3 + 209772γ4 − 81208γ5 + 18807γ6

− 1598γ7 + 39γ8)
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fS(N, γ) is a fourth degree polynomial in N . All the coefficients fSi (γ), i = 0, . . . , 4, are

positive for γ ∈ [0, 0.476] and so fS(N, γ) is positive for any N ≥ 0 and γ ∈ [0, γ̂(N)].

2.b) For γ > γ̂(N) > 0.466: we do not have a closed-form solution for the optimal size of

the large union, but we know from the proof of Proposition 4 that koptuc ≥ 78
100
N . We will thus

show that the second derivative (D.11) is positive for any k ∈ [ 78
100
N,N ] and γ ∈ [0.466, 1].

Evaluating (D.11) at τS = τ(1) yields

∂

∂τS

∂WL(k)

∂k

∣∣∣∣
τS=τ(1)

=
2f̃(k,N, γ)

Γ(0)Γ(N)2D(1)

with

f̃(k,N, γ) ≡ − 3γ2(2 + γ)k2

+
[
2γ(1 + 3γ)N − 4 + 8γ − 5γ2

]
k

+ γ2(2− 9γ)N2 + γ(16− 26γ + 13γ2)N + 4(2− γ)(2− 2γ + γ2)

f̃(k,N, γ) is a second degree polynomial in k. The second derivative with respect to k

is d2f̃(k,N,γ)
dk2

= −6γ2(2 + γ) < 0 for γ ∈ [0.466, 1]. Hence the first derivative of f̃ is a

decreasing function of k. The first derivative of f̃ evaluated at k = 78
100
N can be either

positive or negative. However, the first derivative evaluated at k = N is strictly negative

for γ ∈ [0.466, 1]

df̃

dk
(N,N, γ) = −2γ2(4− 3γ)N − 2γ(4− 8γ + 5γ2) < 0

And so f̃ is either a monotonically decreasing function of k or it is initially an increasing

function of k and then a decreasing function of k. In either case, if we prove that f̃ is

positive at both bounds of the considered interval, we will have proven that it is positive on

the entire interval. Evaluating f̃ at the lower bound k = 78
100
N yields

f̃(
78

100
N,N, γ) =

1

2500

[
11γ2(334− 333γ)︸ ︷︷ ︸
>0 for γ∈[0.466,1]

N2

+ 200γ(122− 169γ + 65γ2)︸ ︷︷ ︸
>0 for γ∈[0.466,1]

N

+ 10000(2− γ)(2− 2γ + γ2)︸ ︷︷ ︸
>0 for γ∈[0.466,1]

]
> 0
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Evaluating f̃ at the upper bound k = N yields

f̃(N,N, γ) = γ(4− 3γ)N + 4(2− 2γ + γ2) > 0

And so f̃ is positive for any k ∈ [ 78
100
N,N ] and γ ∈ [0.466, 1], and so it must be positive at

k = koptuc . And so, when Article XXIV is binding on the small bloc, if the small bloc could

raise its tariff, the large bloc would want to accept more members.

Proof of Proposition 6. As explained in the the proof of Proposition 4, for γ > γ̂(N),

it is difficult to find a closed-form for the optimum size of the large CU both with and

without Article XXIV. However, by studying the derivative of welfare of the large CU with

respect to its size, we are able to determine an upper bound for the size of the large CU with

Article XXIV: koptuc < 8
9
N , and a lower bound for the size of the large CU without Article

XXIV: koptuu > 8
9
N + 1, which shows that the CU structure with Article XXIV is strictly

more symmetric. The proof proceeds in two steps: first, we determine an upper bound for

koptuc , and second, we determine a lower bound for koptuu .

1) We show that kopt
uc <

8
9
N : From the proof of Proposition 4 we know that the numerator

of the derivative of welfare of the large CU with respect to its size, Huc(k,N, γ), changes

sign only once in the interval [N − k∗∗, N ]. It is initially positive and increasing function

and then it becomes a decreasing function and negative. We show that Huc(
8N
9
, N, γ) < 0

and so koptuc <
8
9
N . Evaluating Huc(k,N, γ) at k = 8

9
N yields

Huc(
8N

9
, N, γ) =

H
8/9
uc (N, γ)

177147

with

H8/9
uc (N, γ) ≡ h6(γ)N6 + h5(γ)N5 + h4(γ)N4 + h3(γ)N3 + h2(γ)N2 + h1(γ)N + h0(γ)

h6(γ) ≡ − 128γ6(1− γ)(107524− 135544γ + 42003γ2 − 2997γ3)

h5(γ) ≡ − 96γ5(1170608− 3326704γ + 3733920γ2 − 2008600γ3 + 481893γ4 − 39663γ5)

h4(γ) ≡ − 27γ4(6770112− 34686816γ + 65461812γ2 − 59159264γ3 + 27345557γ4

− 6098893γ5 + 511422γ6)

h3(γ) ≡ 972γ3(2− γ)(444816− 150388γ − 1328708γ2 + 1891005γ3 − 1072878γ4

+ 273551γ5 − 25610γ6)

h2(γ) ≡ 4374γ2(2− γ)2(221288− 283896γ − 44978γ2 + 273484γ3 − 192581γ4

+ 54631γ5 − 5522γ6)

h1(γ) ≡ 78732γ(2− γ)3(3− γ)(2968− 3148γ − 126γ2 + 1725γ3 − 977γ4 + 154γ5)

h0(γ) ≡ 177147(2− γ)4(3− γ)(336− 352γ + 40γ2 + 128γ3 − 83γ4 + 14γ5)
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H
8/9
uc (N, γ) is a sixth degree polynomial in N . We determine its sign by differentiating it

successively. The coefficients h6(γ) and h5(γ) are both negative for γ ∈ [0.466, 1] and so the

fifth derivative of H
8/9
uc (N, γ) with respect to N is negative for γ ∈ [γ̂(N), 1]. Therefore, the

fourth derivative is decreasing with N . Evaluating the fourth derivative at N = 4 yields

d4

dN4
H8/9
uc (4, γ) = − 72γ4(60931008 + 437007776γ − 438888492γ2 − 631740896γ3

+ 778687293γ4 − 207278517γ5 + 9907758γ6) < 0 for γ ∈ [0.466, 1]

Hence the fourth derivative is negative for any N ≥ 4 and the third derivative is decreasing.

Evaluating the third derivative at N = 4 yields

d3

dN3
H8/9
uc (4, γ) = − 24γ3(−216180576 + 912350952γ + 1358166396γ2 − 2542389098γ3

− 1026080069γ4 + 2118966136γ5 − 572491971γ6 + 19461546γ7)

< 0 for γ ∈ [0.466, 1]

Hence the third derivative is negative for any N ≥ 4 and the second derivative is decreasing.

Evaluating the second derivative at N = 5 yields

d2

dN2
H8/9
uc (5, γ) = − 24γ2(−322637904− 344344608γ + 2761805160γ2 + 2684481116γ3

− 5934883569γ4 − 2489306999γ5 + 5087448636γ6 − 1372813698γ7

+ 46571544γ8) < 0 for γ ∈ [0.466, 1]

Hence the second derivative is negative for any N ≥ 5 and the first derivative is decreasing.

Evaluating the first derivative at N = 7 yields

d

dN
H8/9
uc (7, γ) = − 48γ(−116838288− 791104968γ − 438540156γ2 + 6064487874γ3

+ 7654428044γ4 − 13375288074γ5 − 10877774936γ6 + 16327506879γ7

− 4364846022γ8 + 178868088γ9) < 0 for γ ∈ [0.466, 1]

Hence the first derivative is negative for any N ≥ 7 and H
8/9
uc (N, γ) is decreasing in N for

N ≥ 7. Evaluating H
8/9
uc (N, γ) at N = 9 yields

H8/9
uc (9, γ) = − 1417176(1 + 4γ)(−2016− 20736γ − 44808γ2 + 133720γ3 + 426240γ4

− 318584γ5 − 812917γ6 + 852991γ7 − 214960γ8 + 9408γ9) < 0 for γ ∈ [0.466, 1]

And so Huc(
8N
9
, N, γ) is negative for any N ≥ 9 and γ ∈ [0.466, 1]. Thus, for N ≥ 9, we

know that the derivative of welfare of the large CU with respect to its size is strictly negative

for any k ∈ [8N
9
, N ] and so the welfare function is decreasing on this interval and hence we

33



must have koptuc <
8N
9

.

2) We show that kopt
uu >

8N
9

+ 1: From the proof of Proposition 4 we know that the

numerator of the derivative of welfare Huu is a decreasing function of k for k ∈ [N
2
, 9N

10
].

Furthermore, we have

Huu(
8N

9
+ 1, N, γ) =

H
8/9N+1
uu (N, γ)

43046721

with

H8/9N+1
uu (N, γ) ≡ h̃8(γ)N8 + h̃7(γ)N7 + h̃6(γ)N6 + h̃5(γ)N5 + h̃4(γ)N4 + h̃3(γ)N3

+ h̃2(γ)N2 + h̃1(γ)N + h̃0(γ)

and

h̃8(γ) ≡ 256γ8(1− γ)(−191 + 1009γ − 1053γ2 + 243γ3)

h̃7(γ) ≡ 576γ7(−9932 + 54877γ − 95199γ2 + 73923γ3 − 27441γ4 + 3780γ5)

h̃6(γ) ≡ 81γ6(−4268396 + 14080084γ − 16960511γ2 + 9412786γ3 − 2040132γ4

− 93198γ5 + 72231γ6)

h̃5(γ) ≡ − 729γ5(10223696− 9286212γ − 39303416γ2 + 94486143γ3 − 90787556γ4

+ 45666110γ5 − 11899684γ6 + 1264375γ7)

h̃4(γ) ≡ 6561γ4(798544− 65351776γ + 250517124γ2 − 427084256γ3 + 411981428γ4

− 241320219γ5 + 85459655γ6 − 16879111γ7 + 1428999γ8)

h̃3(γ) ≡ − 59049γ3(−6975232 + 79321024γ − 268606032γ2 + 461989604γ3 − 474534568γ4

+ 308796037γ5 − 128155312γ6 + 32625848γ7 − 4574638γ8 + 264497γ9)

h̃2(γ) ≡ 531441γ2(3567168− 34340928γ + 116308704γ2 − 208912384γ3 + 229568260γ4

− 163316936γ5 + 76134788γ6 − 22723839γ7 + 4063152γ8 − 375877γ9 + 12062γ10)

h̃1(γ) ≡ 4782969γ(698112− 6446016γ + 22385280γ2 − 42176912γ3 + 49261712γ4

− 37651524γ5 + 19073408γ6 − 6276883γ7 + 1263162γ8 − 134475γ9 + 4364γ10 + 228γ11)

h̃0(γ) ≡ 43046721(2− γ)(24192− 209088γ + 684576γ2 − 1203280γ3 + 1280584γ4

− 854948γ5 + 350470γ6 − 79263γ7 + 6007γ8 + 1090γ9 − 236γ10 + 8γ11)

H
8/9N+1
uu (N, γ) is an eighth degree polynomial in N which we sign again by successive dif-

ferentiation. We have h̃8(γ) ≥ 0 and h̃7(γ) > 0 for γ ∈ [0.466, 1]. The seventh derivative of

H
8/9N+1
uu (N, γ) with respect to N is thus strictly positive and the sixth derivative is increas-
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ing. Evaluating the sixth derivative at N = 14 yields

d6

dN6
H8/9N+1
uu (14, γ) = 720γ6(−345740076 + 579845268γ + 1455554257γ2 − 2925443886γ3

+ 1110593276γ4 + 264248082γ5 − 122173353γ6)

> 0 for γ ∈ [0.466, 1]

Hence the sixth derivative is positive for any N ≥ 14 and the fifth derivative is increasing.

Evaluating the fifth derivative at N = 37 yields

d5

dN5
H8/9N+1
uu (37, γ) = 120γ5(−7453074384− 69984648324γ + 117372061584γ2

+ 396170374871γ3 − 469602069600γ4 − 343198770758γ5

+ 493697013984γ6 − 113485470957γ7) > 0 for γ ∈ [0.466, 1]

Hence the fifth derivative is positive for any N ≥ 37 and the fourth derivative is increasing.

Evaluating the fourth derivative at N = 57 yields

d4

dN4
H8/9N+1
uu (57, γ) = 1944γ4(64682064− 31517274096γ − 163909258236γ2

+ 294621819684γ3 + 1047807767128γ4 − 913479950409γ5

− 1617839257915γ6 + 1786406339979γ7 − 392868234531γ8)

> 0 for γ ∈ [0.466, 1]

Hence the fourth derivative is positive for any N ≥ 57 and the third derivative is increasing.

Evaluating the third derivative at N = 78 yields

d3

dN3
H8/9N+1
uu (78, γ) = 1458γ3(1694981376− 12548074176γ − 2351281089168γ2

− 9810826864236γ3 + 17736126317880γ4 + 68479566758905γ5

− 43599047912520γ6 − 138292111396576γ7 + 138217523336946γ8

− 29772894518163γ9) > 0 for γ ∈ [0.466, 1]

Hence the third derivative is positive for any N ≥ 78 and the second derivative is increasing.

Evaluating the second derivative at N = 99 yields

d2

dN2
H8/9N+1
uu (99, γ) = 1062882γ2(3567168 + 195841728γ − 1921542144γ2

− 174867696464γ3 − 646944962468γ4 + 1170952601564γ5

+ 4759434546420γ6 − 2263227348443γ7 − 11178475532846γ8

+ 10643459033365γ9 − 2267493934194γ10) > 0 for γ ∈ [0.466, 1]
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Hence the second derivative is positive for any N ≥ 99 and the first derivative is increasing.

Evaluating the first derivative at N = 119 yields

d

dN
H8/9N+1
uu (119, γ) = γ(3339048054528 + 420354865621440γ + 13261444138967040γ2

− 149157832409171280γ3 − 9715542761362073616γ4

− 32766647617390506444γ5 + 60586315309854899496γ6

+ 247837150046952204829γ7 − 94346534470572068388γ8

− 634006781021231152741γ9 + 589625555035644706788γ10

− 124919623351641230244γ11) > 0 for γ ∈ [0.466, 1]

Hence the first derivative is positive for any N ≥ 119 and H
8/9N+1
uu (N, γ) is increasing in N

for N ≥ 119. Evaluating H
8/9N+1
uu (N, γ) at N = 139 yields

H8/9N+1
uu (139, γ) = 2082772548864 + 445085187704064γ + 32409995470751232γ2

+ 768291758281588608γ3 − 9456782826434012640γ4

− 506308930097789714112γ5 − 1599756068676308952960γ6

+ 3004720697457136302120γ7 + 12353849957872691636641γ8

− 3802331535256628965545γ9 − 33588024046516040228650γ10

+ 30743031928745898281124γ11 − 6488263933821223297128γ12

> 0 for γ ∈ [0.466, 1]

And so Huu(
8N
9
, N, γ) is positive for any N ≥ 139 and γ ∈ [0.466, 1]. Thus, for N ≥ 139,

we know that the derivative of welfare of the large CU with respect to its size is strictly

positive for any k ∈ [N
2
, 8N

9
+ 1] and so the welfare function is increasing on this interval and

hence we must have koptuu >
8N
9

+ 1.

Thus we have for N ≥ 139 and γ ∈ [γ̂(N), 1], koptuc <
8N
9
< 8N

9
+ 1 < koptuu .

E CU formation algorithm

To determine the equilibrium CU structure (the number of CUs and their size), we numeri-

cally solve backwards the bloc formation game. To do so, for every N and γ, we run a grid

search over the possible partitions of the N countries. We make use of the two following

results derived in Lemmas 5 and 7: 1) the equilibrium CU structure is asymmetric; 2) there

are at most four CUs in equilibrium. These two results allow us to significantly restrict the

number of partitions we need to consider.

The calculation algorithm is as follows: Take a given N and γ. Assume that there will
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be at most four CUs in equilibrium. Let us denote these four blocs in order of formation

1, 2, 3 and 4, and their respective size k1, k2, k3 and k4 knowing that k1 ≥ k2 ≥ k3 ≥ k4.

(Note that we are not imposing that there will be four CUs, but at most four CUs. Some

of these CUs may be empty).

Once CUs 1 and 2 form, the third CU chooses its size k3 to maximize its welfare W3.

The fourth union is formed by the remaining countries k4 = N − (k1 + k2 + k3). Thus, for

a given k1 and k2, the third union solves

argmax
k3

W3(k3, {k1, k2, k3, N − (k1 + k2 + k3)})

Hence for any k1 ∈ [N
4
, N ] and for any k2 ∈ [N−k1

3
, N−k1], we need to find k3 ∈ [N−k1−k2

2
, N−

k1 − k2] which maximizes welfare of CU 3. This gives us a “reaction function” k∗3(k1, k2).

Then we move on to calculate the size of the second union. Again, once CU 1 forms,

the second union chooses its size k2 to maximize its welfare W2 knowing k∗3(k1, k2). So for a

given k1, the second union solves

argmax
k2

W2(k2, {k1, k2, k
∗
3(k1, k2), N − (k1 + k2 + k∗3(k1, k2)})

Hence for any k1 ∈ [N
4
, N ], we need to find k2 ∈ [N−k1

3
, N − k1] which maximizes welfare

of CU 2 knowing k∗3(k1, k2). This gives us another reaction function k∗2(k1). Finally, we

determine the size of the first CU which chooses k1 to maximize its welfare W1 knowing

k∗2(k1) and k∗3(k1, k
∗
2(k1)). We solve

argmax
k1

W1(k1, {k1, k
∗
2(k1), k∗3(k1, k

∗
2(k1)), N − (k1 + k∗2(k1) + k∗3(k1, k

∗
2(k1))})

We run this grid search for 0 ≤ γ ≤ 1 (varying γ by 2 · 10−6) and for N = 4, . . . , 105.
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